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CHAPTER 1. INTRODUCTION

It is well understood that organisms respond to chemical signals. This response is
called taxis (from the Greek taxis “to arrange”). Typically the word taxis is preceded
by a prefix that is determined by the type of stimulus that organisms in a given system
respond to. The influence of the chemical signal might be to draw the organism closer
to the source of the signal; we typically call this positive chemotaxis, and refer to the
chemical as a chemoattractant. When an organism is driven away from the source of
a chemical signal we refer to this as negative chemotaxis and in this case we call the
chemical species a chemorepellent or a chemoinhibitor.

The significance of the chemotaxis is coming from its applications in biology and
clinical pathology. The action of neutrophils is just one example of how the body uses
chemotaxis to respond to an infection. A significant clinical target is the altered chemo-
tactic ability of the extracellular or intracellular pathogens. Studying and knowing how
to modify the chemotactic ability of theses cellular organisms by medical agents can
decrease or prevent the ratio of infections or spreading of infectious diseases.

As the benefits and applications of an understanding of these phenomena are consid-
erable, there is much interest in mathematically modeling them. The most known model
for chemotaxis is the Keller-Segel model. A considerable focus of attention and research

has been devoted to this model. Keller and Segel [1] suggested a system of the form:

u =V - (k1(u,v)Vu — ka(u,v) Vo),

vy = kAv — k3(v)v + uf(v),



which is to hold for z € Q,t > 0, for a bounded domain Q C R?. Here u(x,t) is the
population density of an organism under study at a point x and time ¢, and v(x, t) is the
concentration of a chemotactic agent to which the organism responds, that is cells move
toward or away from the high concentration region. Neumann boundary conditions were
used: g—z = % =0 (z € Q), where a% denotes the outer normal derivative along the
boundary 052 of €.

Some interesting mathematical questions arise in the context of the chemotaxis sys-
tems. The main issue is the existence and uniqueness of the solution. In particular, a
concentration phenomenon may give rise to singularities at accumulation points. This
phenomenon is known as the blow-up effect [9, 10, 11, 12]. In his article, Horstmann [2]
gave a broad overview of work in this area with extensive bibliographies. The instabil-
ity of the stationary solution due to large values of the chemotactic sensitivity function
under some conditions on the reactive source term is another interesting phenomenon.

In the last few years, many numerical methods have been proposed to solve the
chemotaxis systems. Smiley [4] proposed a first-order characteristic based scheme. The
constructed scheme belongs to the finite volume method and it has good features such
as stability and preserving properties. Some numerical results were obtained for the 2D
case on a unit square domain. A. Chertock and A. Kurganov [6] derived a second order
finite volume scheme that preserves positivity. The idea of the method is to construct an
equivalent system by differentiating the second equation in the Keller-Segel system with
respect to x and y and then write the induced system in form of convection-diffusion
reaction system. The last form of the equation is solved by using a second-order Godunov-
type central-upwind scheme. Numerical results for the 2D case were attached.

Among the finite element method, one can find a method proposed by Siato [13].
In the constructed scheme, upwind techniques were used to satisfy mass and positivity
preserving properties . Epshteyn and Kurganov [14, 15] used the discontinuous Galerkin

methods to construct a scheme that captured the blow up solution of the chemotaxis



system. Their method was based on reformulating the original Keller-Segel system and
put it in the form of a convection-diffusion-reaction system with a hyperbolic convective
part. Then, interior penalty discontinuous Galerkin methods were introduced to solve
the equivalent system. In their article, Budd, Carretero-Gonzalez and Russell used the
moving mesh method [16]. They focused on capturing the blow up solution and stated
some numerical results but nothing said about the stability or qualitative properties.
One of the most important role to study the Keller-Segel system is the preserving
properties, i.e mass preserving and positivity preserving [6, 13]. It is very important that
the numerical scheme solving the Keller-Segel system satisfies these properties. Namely,

the positivity preserving property plays important role in the stability of the method.

1.1 The main problem

This work is in the context of improvement of the method proposed in [4]. The
method derived in [4] is first order and our goal is to raise it to be second order. We will
be considering a simplified version of the Keller-Segel model where the second equation
will be independent of the cell density u. Hence, our work will be devoted to deriving
a numerical scheme that solve the first equation of the system which is also known as
convection diffusion equation.

The combination of diffusion and convection is often found in nature e.g., heat trans-
fer, weather prediction and atmospheric radioactivity propagation. It may also be treated
as a simplified model of the system of the Navier-Stokes equations, which are represen-
tative equations in fluid dynamics. From a numerical point of view, it is challenging to
come up with a numerical scheme solving these type of problems. Whereas the Laplace
operator can be discretized by the standard-five point approximation, the convective
term has to be discretized with care. The accuracy, numerical stability and bounded-

ness of the approximate solution depends on the numerical scheme used for this term.



Characteristics (-based) methods have been developed for convection-diffusion problems
[4, 27, 18, 19, 20]. Ewing and Wang [3], Morton [7] and G. Roos, M. Stynes and L.
Tobiska [17] discussed many numerical methods proposed in this area with extensive
bibliographies.

The modified method of characteristics (MMOC) was first formulated for advection-
diffusion equations by Douglas and Russell [18]. In MMOC, the time derivative is com-
bined with the advection to form a directional derivative along the characteristics. One
drawback of this method is that it is not flexible to treat general boundary conditions.
Also, it doesn’t conserve mass locally. The method derived in [19] which was formulated
to solve advection problems, is known to be mass conservative. The same property is

satisfied by the characteristic mixed finite element method [20].

1.2 The semi-Lagrangian finite volume method

In this research we focus on a finite volume method that leads to a Eulerian-Lagrangian
finite difference scheme. In this method the convection is treated by tracking the tra-
jectories of the particles that pass through the fixed points of an Eulerian grid. These
particles are traced back over a single time-step to determine their departure points at
the previous time level. The values of the variables at the departure points are generally
determined using some form of interpolation based on values at neighbouring grid points,
where they are known. Semi-Lagrangian schemes are attractive, because they possess
less restrictive stability requirements, and combine the advantages of fixed grids inherent
in Eulerian methods.

To put our work in the proper perspective, we mention that the semi-Lagrangian finite
volume methods were used for similar problems by many authors. T. N. Phillips and
A. J. Williams [21] proposed a method for advection problem written in a conservative

form that has been applied in [22, 23] for solving viscoelastic flow problems. More recent



works include [4, 24, 25]. A two-grid finite volume element method, combined with the
modified method of characteristics was given in [24]. In [25], a symmetric FVE scheme
was proposed for nonlinear convection-diffusion problems using strategy of alternating
direction.

The difficulties of the method are coming from approximating the integral over the
departure cells (i.e cells in the backward time). The sides of the departure cells are
curves rather than straight lines. Therefore, this region should be approximated. In
their paper, Peter H. Lauritzen, Ramachandran D. Nair and Paul A. Ullrich pointed
to different strategies to approximate this region [8]. The one they focused on was
based on tracking the intersection of the sides of the departure cells and arrival cells
and then integrate over the induced shape. This idea produces irregular shapes. In [21],
two methods were proposed to describe the pre-image of the arrival cells (cells at time
tns1). In the first method, the departure point (i.e x(¢,)) was assumed to not lie in
more than one grid cell away from their locations at time ¢t = ¢,,,1. Hence the departure
cell will be intersecting with one or more of the neighbouring cells. This restriction on
the location of the departure points leads to smaller time step than one may like to
use. The second method allows the departure cell to move to any position under one
restriction that the departure points stay within the range of the nine neighbour cells.
This method allows larger time step than the first method. The intersection between
the departure cells and arrival cells is computed in the methods. Smiley [4] used an
idea called pseudo characteristic. The principle behind the idea is to assume that the
departure cell moves horizontally and then vertically. This will give regular rectangles
as a result of intersecting the departure cells with the arrival ones. Therefore, finding
the sum of these areas will lead to approximation of the integral in the backward time.
In this thesis, we simply approximate the departure cells by connecting the vertices by
straight segments and then convert the area integral into line integral. The vertices of

the pre-image cells are the approximate solutions of the characteristic equations attached



to the first equation of the system.

The cell average of the integrated function was used as an approximation in [21]
whereas in [4] Smiley used piecewise constant functions, where the data points were the
cell centres, to approximate the exact solution. The derived methods in [4, 21| were
only first-order. In this work we used piecewise linear functions in 1D case and piecewise
bilinear functions in the 2D case in which the values at the cell centres were given as
data. The piecewise linear approximation function was defined on the dual grid cells that
defined by the cell centres of the primary grid. The integral (2D case) in the backward
time was computed by applying the Divergence Theorem to convert the area integral
into line integral.

In their article, Todd F. Dupont and Yingjie Liu used an idea of backward forward
error compensation and correction to improve the accuracy of a scheme [28]. The idea
can be summarized as follows. One solves the transportation equation under study in
forward time by a scheme for one time step then solve the equation using the same
scheme in backward time for one time step. Comparing the two solutions gives some
information about the error which can be used to improve the accuracy of the scheme
used. Using this idea, they succeeded to improve the accuracy and get stable scheme.
In our work, we used a similar principle but in a different way. We derive a scheme
for the first equation of the chemotaxis system by solving the characteristic equation in
backward time and another scheme using the solution of the characteristic equation in
forward time. The final scheme is the average of the two schemes.

The schemes derived in this thesis are second order accurate and mass conservative.
However, they are conditionally stable. Another concern is the positivity preserving
property which we believe is satisfied by the schemes but we have not yet be able to
prove it analytically. Also, the derived scheme in 2D case is complicated which makes it
hard to implement and harder to analyse. Although the schemes are implicit that is a

good feature in similar methods which allow big time steps to be used, it is not applicable



in our schemes because of the restriction made to construct the approximating functions
(i.e piecewise linear and piecewise bilinear).

The thesis is arranged as follows. In Chapter 2 we derive the second order scheme for
one dimensional case followed by proving mass preserving property. An analysis of the
consistency is given in Section 2.4 followed by discussion of the stability. Analogously,
Chapter 3 contains the scheme and related analysis for a two dimensional system. Nu-
merical experiments are attached in Chapter 4, where we devote Section 4.1 to confirming
the theoretical fact stated in Chapter 2. In Subsection 4.1.1 we made some numerical
experiment to discuss the positivity preserving property. Section 4.2 was devoted to
show the fact already mentioned in Chapter 3. In addition, we did some numerical ex-
periments to discuss the positivity preserving property of the one and two dimensional
schemes. In these experiments, we let v(z,y,t) to be known in advance to test certain
cases such as when the cell density is clustering at the centre of the domain. There are
two appendices attached to the thesis. In Appendix A, we discuss how to find eigenvalues
and eigenvectors for tridiagonal matrices. MATLAB codes used in the argument made

in Chapter 4 are given in Appendix B.



CHAPTER 2. A 1D SEMI-LAGRANGIAN SCHEME

2.1 One dimensional chemotaxis system

In this chapter we consider a simplified 1D version of Keller-Segel model where the
second equation of our system doesn’t depend on u. The considered 1D system of the

chemotaxis is given by

U + (Uz)y = Klg, + g(x,t), O<z<l1l, t>0 (2.1)
Vp = 0Vge — A+ f(x,t), O0<az<l1 t>0 (2.2)
u(z,0) = ug, v(x,0) =vy x €2 (2.3)
Oou Ov
P 9 2.4
5 = B 0 on 0 (2.4)

where 2 = (0,1) and f(x,t) and g(z,t) are a growth/decay terms. In this section we
go through a first order scheme proposed by Smiley [4] to solve the above system and
then proceed to derive a new scheme in the next section. We are looking for a numerical
approximate solution of the system (2.1)-(2.4).

Let M denote the number of subdivisions of the domain, so that

1
Ar = — i =1Ax, 1=0,1,2,..., M.
T=<5 wm=idr,
The cells I; and cell centres z; are defined by
— [, . ) e et SR
Ii - ['1:7,—17'272]7 XTi = 2 - '177;—%7
for e =1,2,,..., M. We will consider the cells I; to be our control volumes whereas the

data points are the cell centres ;.



It is straightforward to find an approximate solution to (2.2). So we solve (2.2) first
and then discuss how to solve (2.1). Using a standard difference scheme, the implicit
Euler method, the discrete system for v is given by

‘/i—J{l o 2‘/in+1 + ‘/z:L-J{l
Ax?

Vz‘n—H — V;n + At{(f ( > _ )\Vin-i-l _|_fin+1}’

where V* = v(Z;,t,). By setting r, = Z—ﬁ;, the system can be written in the form

1o VI 4 (L4 2 + AAOVIT — VAT = VR ALY (=2 M —1).

The boundary conditions can be approximated by letting V"™ = V;**! and Vit = V]C[Trll

so we have the special cases

(L4 7e + MAOVPT — Vi =V + AL, i=1

—r Virt - (1 1y + XAV = Vi + Atfitt, 0= M.

Now we proceed to solve equation (2.1). The main goal is to solve the equation (2.1)
along the characteristic lines. At each time step, a discrete set of particles at grid points
are tracked backward over a single time step along characteristics to their departure
points. The characteristics associated with the equation (2.1) are solutions of ordinary

equations
dx

= uat),t), altan) =, (2:5)

where z; is the arrival point. The characteristic curves determine regions
QM = {(x,t) € (0,1) X (tn, tns1) : i1 (t) <z < 23(t),t € (tn, tng1) )},

(Figure 2.1). These regions are coupled together to cover (0,1) X (t,,tnt1). Integrating

(2.1) over an interior region Q7 and using the Divergence Theorem we get

// Kllyy = // (up + (uvy),)dxdt = / U< vy, 1> -nds
Q;’H-l 8Q:~H—l

Qi
= /u(x,tnﬂ)dx— / u(z, t,)dx

Ti—1 Ti—1(tn)
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Figure 2.1 The region Q?‘H determined by the characteristics curves.

where 7 denotes the outward unit normal to the boundary 0Q"™ of Q"*!. The right
hand side of (2.6) is a consequence of the fact that the characteristic directions (v,, 1) are

tangent to characteristic curves represented by Q" **. In the following, we are discussing

how to approximate this integral identity.
We consider approximate solutions U(x,t) that are piecewise constant functions with

constant values on the cells. Thus
u(z,t) = U(x,t) =U", a1 <x <z t=t,

Then N N
1 1 n+1
A_x U(l’,tn+1)dilf ~ A_x U(.CE, tn+1)dl’ = Uz .

Ti—1

Ti—1
For convenience we will write Z; = x;(t,,). Assuming z; € [z;_1,x;41] for each i, then the

integral over [Z;_1,Z;] will be broken into pieces depending on which cell Z;_; and Z; lie

in. So

Z; 1
/ Uz, t,)dr = Z |(Tigth—1, Tigr) N (Tim1, )| U
(2.7)

i1 k=-1
= |(zi—a, wic1) N (Tim1, ) | UL + |(Tiz1, 20) N (Zim1, &) | U

+ (@4, Tig1) O (Ti1, T0)| U -
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In order to approximate the above interval length, we use the identity

|(a,b) N (a + Aa,b+ Ab)| = max{0, min{b, b + Ab} — max{a,a + Aa}} 28)
2.8
= max{0,b — a + min{0, Ab} — max{0, Aa}}.
Integrating (2.5) over the subinterval [¢,,t,+1] and dividing by Az to define the normal-

ized distance we get

Ti — T 1 At
0, = = / ve(2(8), 8)ds = ——v,(x(tps1), thet), (2.9)

Az Az Az

ln

where the integral was approximated by the right end quadrature rule. Approximating

Vn+1ivn+l

Ve (2(tng1), tns1) = V(@4 tnyr) by “H5——, we then have
Qix@i:—m(\/ﬁj{l—mﬂ), 1=1:M—1.

By the definition (2.9), #; = x; + 0;Ax = z; + Ax + 0;Ax — Az, from which we get
Fi=ap+ (0 — B)Az,  k=—1,0,1.
Hence, the interval lengths on the right side of (2.8), under the assumption |0, < 1 for
all 7, can be written as
|(zi—o, xim1) N (Tim1, Ti)| =~ |(ime, xim1) N (zi—o + (0; + 1) Az, z;1 + (0; + 1)Az)|
= max{0,1 4+ min{0,0; + 1} —max{0,0,_; + 1}}Az
= —min{0, ©,_; }Ax,
|(ziz1, ) NV (T, T)| = [(wiz1, 2) O (221 + (0 + DAz, 2 + (0,21 + 1) Ax)|
= max{0, 1 4+ min{0,0;} — max{0,0,_,} } Az
= (1 4+ min{0,0;} — max{0,0,_,})Ax,
|(zi, Tit1) N (T, Ti)| = (24, 1) O (25 + (©; — 1) Az, x; + (0; — 1)Az)|
= max{0,1 4+ min{0,0; — 1} — max{0,0,; — 1}}Ax
= max{0, ©;}Ax.

(2.10)

By setting
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a; = min{0,0;} and A; = max{0,0;}

a():A():CLM:AM:O

the equation (2.7) can be written as

Ty

1
Aa:~

Ti—1

U(ZL‘,tn)dﬁL‘ = —ai_lUi"_I + (]_ +a; — Ai_l)Uin + Az in—|—17 1 S 1 S M.

Finally, the diffusion term is approximated by a standard finite difference approxima-
tion. Using centred difference approximation of the derivative and right end quadrature

rule we get
tn+1

1 / ot (3(1), 1)t~ 2

(Az)?

Q

= (Ut — 207+ + UEY),

tn

From all of these approximations, the discrete system for U as (i =2 : M — 1) is given
by

At
Ul = —q_ U™+ (14 ai— AU + A, g1+(2—x)2(Uﬁ+;—2Uf“+Uﬁl). (2.11)

The system can be written in a compact form as

—r UM+ (L4 2r ) UM = UPE = UP + FP — FPy,  i=2:M—1.

(1 +r)Uptt —rUy™ = UP + FP i=1
—r U + (LU = Ufy = Fiy_y, i=M

where F}" = a;U] + ;U (i=1:M —1), and r,, = %.

The scheme (2.11) has good properties such as mass conserving and non-negativity pre-
serving. However, it is first order and our purpose is to derive a second order scheme.
Since the characteristic equations depend on the values of v, improving these values will

give higher accuracy for the approximated departure points z;. To achieve that we are

going to use the Crank- Nicolson scheme to solve the v equation. Hence we have

1
VI =V oo (VT =2V V) + (Vi = 2V + VL))

FSAHAW V) + (7 )
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2.2 Derivation of the method

In the above scheme it was assumed that w is approximated by piecewise constant
functions. To get higher order we are going to use piecewise linear functions as approxi-

mation of v on the grid cells; so we let

T—Tj— — —
P LU = Uy), Ti1 <T <X

u(z,t,) = Uz, t,) =

U[L+$£§z( Z-n+1—U-n>, T, <T < ZTip

(2

where U" = u(Z;,t,).

Suppose that Z; € [Z;_1, &;] then

Ty

/u(x,tn)dx% /U(:v,tn)d:v: /U(x,tn)dx+/U(x,tn)dx.

Ti—1 Ti—1 Ti—1 T
In the following computations, we are setting x;(t) = x(t). Since U(x,t,) is a piecewise
linear approximation, then by using the trapezoidal rule we obtain the following exact

integrations

(Zi = 2 ) [U(Tior, ) + U(T4, 1)

=
8
~
g
QU
8
|
N |+

Ti1 — Ti—1

(U7 = ULy) + U7,
Az (2.12)

/ Ule, ta)de = 3@ — 2)[U (@ t) + U@, t)]

~ _ n Ty — T n n
(Ti — 2) 20" + T( i — UMl

By the definition (2.9), we get % = §; + 1 ~ O, + 1, from which we obtain

~ 1 ~
Ty — i1 = Tio1 + 542 — T = Ax(

— 0.

N =

Similarly, the other coefficients in (2.12) can be written in terms of ©; and 6;_; . Hence,
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(2.12) can be simplified as (we dropped the superscript n for simplicity)

Ty

/ U, t)de = LAz(} — 0,)[(2 — O 1)Uy + (3 + ©,1)U)

By adding these two equations, we get

=
8
~
3
~—
ISH
8
|
N =

Az[(5 —©i1)?Uisi + (5 — ©i1) (3 + 6i-1)U;

+(3+60,)E-0,)Ui+ (34 6,)°Uisi]
= %Am[(i — 0,1+ 67 Ui + (% — 0,1 — 07U
+ (346 —0)U; + (5 + 6i + 67 )uit1]
= 1Az[-0,_1(1 = ©,_1)U;_1 — ©;_1(1 + 0;21)U; + 3Ui 4
+ 8U; + 1Ui1 + 04i(1 — 0;)U; + 0;(1 + ©;)U14].

By setting

we get

/ u(z, t,)dr ~ / Uz, t,)dx = §A:1:[(aiUi" + AU) — (a0 U + A U]

1
+ gA:U(Uf,l +6U" + Uj,).
(2.14)
If the departure point Z; coincides with the grid point(Z; = x; and ;1 = x;_1), then

0,=0,_.1=0=aq_1=4A4_1=a,=A4;= 0, that implies:

Ty Ty

1
/ u(z, t,)dr =~ / U(z,t,)dx = gA:B(Uf_l + 6U;" + Uj,),

Ti—1 Ti—1
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which gives a quadrature rule for a piecewise linear function over a fixed grid cell.
Remark 2.1: We will be using a different approximation for 6; from the one used in
the previous section as we show. Integrating (2.9) over [t,,t,11] and using the trapezoidal

rule to have

g, = Fn) =z 1 / va((s), s)ds ~ —22—’; [0p(2(t) t0) + 0 (2(tsr), 1))

By approzimating the derivative in the following way v, (x(t,), t,) = v(x;, t,) and writing

n
—Vity

v .
Ve (24, tn) =~ =+, we obtain

1 At
i 0= g (V0 = V) + (07 = V). (2.15)

Finally, to complete the scheme the diffusion term must be approximated. Approximat-
ing the integral by the trapezoidal rule and applying a centred difference approximation

for the derivative give

]' I{At n n n n n n
/ / Kilge (2(1), 1) YPNSE (U, =20 + UL + (UM =20 + U] (2.16)

1
Qrt

Combining all of these approximations, the scheme can be written in a compact form as

1 1 1
(U 46U UL = (UL + U7+ U) + S (FF = L) -
1 mn mn 1 n n ‘
+ 57%[51‘ +1(U> - 5i—+11(U)] + 57’5[52‘ (U) - 52‘71((])]7

where r,, = (Z%Q, oMU) =08, = U,  and  F' = ;U + A;U . This scheme is

valid for the interior points (i.e. i = 2,..., M —1). The special cases (i = 1, M) are given

by
1 n+1 n+1 1 n n 1 n 1 n n+1
§(7U1 + U, >:§(7U1 +U2)+§ 1 +§7’,€[(51(U)+(51 ()],
§(7UM+1 + UG = §(7UM +Upr_1) — §FM—1 + 57%[51\4—1((]) + &y (0).

The scheme (2.17) lacks to symmetry. Also, our numerical experiment shows that the

scheme is only first order. To recover the symmetry and hence achieve the second order
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accuracy we reverse the above process and look for the characteristics in the forward

time . Then we take the average of the two schemes. So we are solving the differential

equation
C;—f = v, (z(t),1), x(tn) = ;. (2.18)
By the trapezoidal rule, we get
tni1
(tpyr) — x(ty) = / v (x(t), t)dt ~ %At[vx(:c(tn), tn) + Ve (T (tns1)s tnyr)]-
tn

Setting 01 = W and let éz be its approximation, then we have that @NZ = —0,.

Let F; be the flux in the forward time, then by the same argument we have

_ ~ 7+l A 7+l n+1 n+1
E = aiUi + AiUiJrl = —AZUZ — aiUiJrl s

where a; = 6;(1 —0;) = —A,, and A = @1-(1 + ©,) = —a;. So, the scheme in the

forward time is given by

1 1 - -
g(UZl_ﬁl +6UM " + U + §(Fi"+1 — FMh 2.19)
1 1 1 )
= g(UZL +6U" + U} ,) + §Tn[5?+1(U) — &N U]+ §TH[5?(U) -6, (U)].

By taking the average of these two schemes (2.17) and (2.19) we have

1

1 n n n rn rn 1 n n
é(Ui—Jrll + 6U; T Uiﬁl) + —(F - Fi—ﬁl) - 57’5[61‘ H(U) - 5i—+11(U)]

W

, X , (2.20)
= g(Uin—1 +6U; + UjYy) + Z(an —FL)+ 57%[5?((]) — 01 (U)].
If we adopt the convention that F! = Fy, = Frtt = Fitl — (0 and 63(U) = 6%,(U) =

SotH(U) = 611 (U) = 0, then this equation holds for i = 1, M.

2.3 Mass preserving property

It is very important for a numerical method that it satisfies the solution properties

of the pde i.e mass preserving property and non-negative preserving property. So, we
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show that in absence of sources or sinks the scheme (2.20), under the assumption that
all the values are positive, is mass preserving by showing that the locally conservative
form of the scheme leads to telescoping sums. Recall that the boundary conditions are
homogeneous Neumann which indicates that the boundary points will be approximated
in a different way (i.e piecewise constant). Hence, we have Uy = U; and Uyy1 = Uy, for
all time levels.

Lemma 2.1: If {U"™} is the solution of the scheme (2.20), given the data {U}M

then
M M
durtt=>"ur (2.21)
=1 =1

Proof: We get this from the conservative form of the scheme. We sum the terms on
the right side of (2.20) to get

M M M
1

1 n n n 1 n mn n n
Zg(Uifl +6U; + Uy) + Z Z(Fz - Fy)+ Z 57"(51' (U) = 64(U))

i=1 i=1 =1

1 1
(Uity + 6U;" + Ulky) + 5 (Fyp = E5') + 5r(33,(U) = 65(U))

I
0| =

@
I
=

M
(UFy +6U + Ul =Y U

1 =1

I
0| =

(2

Similarly we get the left hand side. So

M

M
Yurtt=>Y ur m
i=1 =1

2.4 Consistency

In this section we are going to discuss the consistency of the scheme. Let u(x,t) be a

smooth solution of (2.1) and let u! = u(Z;,t,) denote its values at the space-time nodal
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points (Z;,t,). The local truncation error 7! is defined by

1
7= g T ) — a6+ )

g | = F) = (7 = B = g0 - 0+ 0w - )
(2.22)

where h = Az , k = At.
In the right side of following expansions we are writing u = u = u(%;,t,). Similarly,
all the derivatives are evaluated at the point (7;,t,) and we are writing u, = u,(Z;,t,).

By the Taylor expansion about the point (Ei, tn), we have

1 n n n 1
1 1
+ 6u + u + hu, + —hQum + ah?’umx + O(h*)]

= 3 [8u + h?uyy + O(hY))].

(2.23)

Expanding the quadrature term at time ¢, gives

Sk( n+1+6un+1+u?++11)

1 1 1 1 1
8/{: [u — hur + k‘ut + h gy — hkzumt + §k2utt - gh?’umz + §h2kumt - §hk2umtt

+ ék Upt + 6u + 6]€Ut + Bk’ Uy + k?’um

1 1 1 1 1
+u+ hum + kut + §h2um + hkumt + §k2utt + éh?’umz + §h2kumt + §hk2um

1
+ ék?’uttt + O(h4) + O(k4)]

8
8/{} [8U + 8kut + h Upy + 4k2utt + h kumt + 6k Ut + O(h4) + O(l{?4)]

The expansions of the diffusion terms are given by (2.24)

m n = - 1 2 _1 3 i 4
((5 (u) =6 1 (u)) = 2h2[u hug + 2h Uy 6h Uger + 24h (T—

1 1 1
- 2 h T _h2 xx _h3 TTT _h4 TLTLT h5
ut At g + Shu +6 Uazs + 5 ohu + O(h’)]
KR

1
_ 2 4 5
=53 [h Uy + —12h Ugzzz + O(R7)],

2h?

(2.25)
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and

(07 () — 67 ()

(2

2h?
1 1 1 1
= %[U — hux + kut + §h2um - hk‘umt + §k2utt - éh?’umm + §h2kumt
1 1 1 1 1 1
- EthUxtt + Ek?’uttt + ﬂ}ﬁumxaxv - gh?’kumﬁxt + Zh2k2urxtt - éhk?’ua}ttt
1 1 1
+ ﬂk4utttt — 2u — 2I€Ut — k2utt — gk?’um — §k4utttt

1 1 1 1 1
+ u + huy, + kuy + §h2um + hkug + EkQUtt + Eh%xm + §h2kumt + ihkzum
1 1 1 1 1 1
+ éksuttt + ﬂh4uzzzm + éhskuxxxt + Zh2k2umxtt + 6hk3umttt + ﬂkAutttt

+ O(h®) + O(K®)]

1 1
- 2—22[112%1 WKt + 5 h e+ 5 h K U+ O(F) + O(K)]

(2.26)

The expansions of the fluxes are more involved. These expansions will be given by

1 1
o~ L) = iy + (a0 — Al + Aguy
1 1, 1,
= E[ az_l(u hum + éh Ugq éh wax) + (CLZ Az_l)u
1 1
+ Ai(u + hug + =P Uge + =P Upge) + O(h4)]
X 2 6 X (2.27)
= 4— [(—ai_l +a; — Ai—l + Al)u + (CLi_l + A,)hum + 5(-@2'_1 + Az)h2um
1
+ é(ai_l + Ai)hgum;x + O(h4)],
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and
1 n-+1 rm-+1 1 n+1 n+1 n+1
E(E - ) = E(Ai—luiq + (@i — A)ui™ — aiui+1)

1

1 1 1 1
= E Ai_1<u — hUm + kut + §h2um — hk’umt + —k’QUtt — gh?’umx + §h2kumt

2

1 1 1
— §hk2umtt + ék?’uttt) + (ai_l — AZ)(U + k:ut + §k:2utt

1 1 1 1 1
+ =KPusy) — a;(u + hug + kuy + §h2um + hktg + —k*uy + =h3uger + —h?ktigy

6 2 6 2
+ 3R+ SKu) + O() + O(KY
= ﬁ[(fli_l +a;i1— A —a)u— (A + a))huy + (A + a1 — Aj — a;)kuy
+ %(Ail — ;) WUy, + %(Ail + a1 — Aj — a)k*uy — (A1 + a;)hkug,
- é(Ai—l + @) PP Uy + %(Ai—l — ;) PPkt
— %(Ail + a;) Wk Uy + é(A,-l +ai1 — Aj — a;)k ug

+ O(h*) + O(KY)].

(2.28)

Subtracting (2.23) from (2.24) gives

1 1 2 1

— [(u?_ﬂl + 6u !t + uzfll) — (ul | + 6ul + U?H)} = + —kuy + — Uyt + =k Uy

Sk 2 8 6
+O(R®) + O(k).

(2.29)

Now, the addition of (2.25) and (2.26) gives

K n n n n
372 07 (w) = 0Ly (w)) + (07 (w) — 624 (w))]
1 1 1
= Sra U e + 5h Uae + O(R)] + [Wthay + W Rttgs + 51 e+ 5B Kt
1 1 1
+O(1°) + O} = A(tae + Shtten + Eh%m + Zkquxtt) + O(h*) + O(k?).

(2.30)
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Subtracting (2.30) from (2.29) leads to

7 [t + 6uf ™ + ) — (ui ) + 6uf +uyy)]
oYV () = 6 () + (07 () — 67 (w))]
~ 2h (2.31)
1.0 h? K o 1, K o
= Ut — RUgy + k [ /{uxx] + Uzt — _h Ugzzx + _k: Uttt — _k Ugrtt

2" ot
+O(h?) + O(kY).

8 12 6 4

Next we combine the flux terms. So, by subtracting (2.27) from (2.28) we get

1

(= B = (B = Byl

1
4k [QClu + Cghux + Clkut + = C’lh2um + C’ghkum + = k Clutt + = Cgh3uxm
+ §C4h kumt + §Oghk Ugtt + 601]{5 Uttt -+ O(h4> + O(k4)],

(2.32)
where
Ci=A,_1— A +a,_1 — a, Co=—(A 1+ A +a1+a),
Cs=—(4i1 + ), Cy=A4,_1—a.

Since the above constants involve ©;_; and ©;, we compute the Taylor expansions
for ©;_; and ©; about the point (z;,t,). Let v(x,t)) be a smooth solution of (2.2) and

let v' = v(Z;,t,) be its values at the points (z;,t,), then

k n n n n
©;-1 = th[(v o) + (o] = oy
o k 2 1 3 1 2 1 2 1 4
— _ﬁphvm - h (o + hkvzt + gh Vpgx — éh kvzzt + §hk Vgt — ﬁh Vpzzx
1 1 1
+ gh?’kvx:pxt - Zh2k2vazaztt + ahkgvxttt + O(h5) + O(k’S)],
k n+1 n+1 n n
0; = _ﬁ[(vi—&-l —0i") + (v — )]

k , 1 ) 1 1,
= —2—h2[2hvx + h*v,y + hkvg + 3h Vpar + = h kvypt + = hk Ugtr + 12h VUpgmr

=+ 6h3kv$zzt + Zthvaztt —I— ghk?)vxttt —I— O(hs) + O(k5)]
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Using these two equations, the expansions of the above constants are given by

G, = A —Ai+ai—q
= 0,1+ @?71 -0, — @ZZ +0;1 — @%71 -0, + @?
= 2(0;-1 —6y)

= 2k[vze + kVset + 158 Vss0s + K Vg0 + O(R3) + O(K?)],

C, = —(Aiaa+Ai+a1+aq)
= —2(0;-1+6;)
= K, + 2kvg + 2020500 + Kvae + O(R%) + O(K%)],

03 = _<Ai—1 + ai) = _[(@i—l + @Z)(l + 61‘—1 — 61)]
Cy + 1010y

KA4vg + 2kvgy + 2R%0400 + Kvay + O(h%) + O(K%)]

N | N |#—= DN |

%[Uzm + %kvzmt + %h%)mxzm + %kzvmxtt + O(h?’) + O(kB)]
[4vg + 2Ky + 510400 + K20y + O(R?) 4+ O(K?)]

= 28, + By + 28 00,0 + O(h?) + O(K?),

Cy = Ai1—aq;
= 02, 4+07+0,1—-0,=100,1(0;,1—6;)+0,;(0;,+06, 1)+ (0,1 — 6,)
= (0,1 -0)(1+6, 1) +6:(0,,+6,) =10 +1c0, , - 10,
= O(k).

For simplicity we are going to expand the right side of (2.32) term by term . So, we
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have
1 1 2 1 2 3 3
201U = 4]{3[1)3535 + §kvxa@t + _h Vrzzx + _k Vit + O(h ) + O(k )]U

12 4
1
= 4kvypu + 2k Vppu + gthvmmu + K g + O(R3K) + O(k*),

2
Cohuty = k[4v, 4 2kvg, + gh%m + K2 vg + O(R?) + O (k) ]u,
2
= dkv,u, + 2K v, + thkvmxux + B vggu, + O(h*k) + O(k*),

1 1 1
Clkut = Qk:?[vxx + §kvxxt + EhQU:m:aca: + ZkQsztt + O(h3) + O(kg)]ut

= 2k* vty + k3 vpmuy + O(RPE?) + O(K*),

1 1 1 1
501}12“11 = h2k’['U;m; + §kvxxt + Eh2vxzx:p + Zkzvxactt + O(h3) + O(k?))]uxfﬂ

= W2 kvgptige + O(RY) + O(KP),
k‘ k2 2
Cahkty = hk[zﬁvx + U+ 27Ul + O(h?) + O(K*)]uz

= 2k* 0ty + k3 0pter 4+ 2k30, 00010 + O(RY) + O(K?),
1 1 1 1
—k201Utt = k?’[vxm + —kvgy + _hQUx:L‘a:x + _k2vxxtt + O<h’3) + O(kg)]utt
2 2 12 4
= gy + O(R*E3) + O(kY),
1 1 2
602]13%95:5 = éth[Zlvz + 2kvg; + §h2vzm + K2 vp + O(R?) 4+ O ()| tgs

2
= “h?kVUppe + O(R'K) + O(R?K?),

3
L i, — 1hk?[2E + s + 2—2 + O(h?) + O(k*)]
2 3 Ugtt = 92 hvx h Uyt h Vg Ugq Uyt

= k3 vty + O(RPE?) + O(KY),

1
S Cil ke = O(WK?),

1 1 1 1 1
601K3'thtt = —k'4[1)zm -+ —k’vmt —+ _hQ'Uxxxx + —k%mtt + O(h3> + O(k3)]uttt

3 2 12 4
= O(R*k*) + O(k%).
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Hence, the equation (2.32) can be written as

1 [n n rn n
B sy — ()

1
= UgaU + VzUy + §k [Umctu + VptUly + Vg Uy + Umcut}

or 1 1 1 L
+h [vaxmmu + gvzmxum + vaﬂfumm + évxuxmm}

1
+ ZkQ [Vsattth + Vgt + Vaarlly + Vppliat + 20505000t + Vgalte + Vaign] + O(R?) + O(K?).
(2.33)

By adding (2.31) and (2.33) we get

1
ol - [ut — Kz + (vxu)x] + Ek_[ut — Klgy + (vxu)x]

’ ot
—l—h2[1v u—l—lv u—l—lv u +1vu +1u [ATp—

1 2
2
+ _k ['Uxxttu + Vrtt Uy + VpztUt + VagtUgt + 2vmvxxua:t + VpzUst + VpUgtt + — Ut — /{uxactt]

4 3
+O(h%) + O(KY).

Since the expression in the first two brackets is the left hand side of the differential

equation, it follows that the scheme is second order in both time and space.

2.5 Stability

The next step in our discussion is the stability of the method. We devote this section
to discuss this property.
Definition 2.5.1 Let @ be an M x M matrix and {U"}{} be a sequence of M x 1

vectors, then, the difference scheme
Ut =QU", n>0

is stable with respect to the norm || - || if there exist positive constants Axy and Aty, and

non-negative constants K and C' so that

IUN] < KeT|U°
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for 0 <T = NAt, 0 < Az < Azxg and 0 < At < Aty

First we will discuss the stability of the method in case there is no convection (v = 0)

and then move to the general case.

Case I: ©F =0 for all i: In this case, the scheme (2.20) has the matrix form

1 1 1 1
- - n+1 — - = n
(Lo ) vt = (- )0

where A and B are M x M matrices given by

These two matrices have the eigenvalues

km
)\k =2 (1—COS (M)) s
km
e =6+ 2cos (M) ,

respectively with associated eigenvectors

- {cos (—(‘7 2) W)] , k=0,1,... M — 1
M 1<5<M

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

[see Appendix A]. The eigenvalues of the left hand matrix of the scheme (2.34) are given

by

1 1
— —r A | .
(8Mk+27’m k)

Since %uk + %rnAk > 0 for all £, the matrix (%B + %T’HA) is guaranteed to be invertible.

Therefore, for eigenvector v* we have

-1
134_17»14 EB_ETAUk:MUk
g~ 2" g~ 2" s+ 5Tk
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i.e the eigenvalues of the iteration matrix of the scheme (2.34) are given by

1 1

sHk — §rn)\k
T k=0,1,...M —1.
sHE =+ irn)\k

%Mk - %Tn)\k
%:uk + %T.‘{/\k
Case I1I: ©F # 0 for some i: In this case the scheme (2.20) has the matrix form

Since < 1, the scheme (2.34) is unconditionally stable.

(%B + %r,{A 4 iFZ) g — (%B - %TKA 4 }lF%) o (2.39)
where
__Al » -
Ay (a1 —As)  —ag
Fr= ) (2.40)
Ap—o (ap—o — Ap1) —ap—1
L Ay am-1 |
_ . N -
—a; (ay—A;) A
Fro= . (2.41)

—Qpr—2 (CLMfl_AM72) Anvr—

i —Aap—1 _AM—I_
Similar to the first case, the left hand matrix in (2.39) needs to be invertible. To
show this we need the following proposition.
Levy-Desplanques Theorem: Any strictly diagonally dominant square matrix

must be invertible [32].

Proof: Let () = [g;;] be an M x M strictly diagonal dominant matrix and let

M
Ri= " lasl.
j=1

J#i
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Then the diagonal dominance property implies that R; < |¢;|. Suppose that @ is singu-
lar, then the system Qz = 0 has a non-trivial solution z = (x1, xs, ..., z5s). Let r be the

index such that

|z, | > |, i=1,2,..., M.

Then we have

M M

|q7‘7“||x7‘| = } - E Q’/‘jxj’ < E |QTj||J7r| < Rr|xr|'
i=1 i=1
i i

By dividing over |x,| we get |¢..| < R, which is a contradiction to the strictly diagonally
dominance. Therefore, Q is invertible. [
In the following we show that the matrix (%B + %’I“RA + };F 1) is strictly diagonally

dominant. The matrix is tridiagonal and the non-zero entries in sth row are given by

111 6 1 111
T s <t e+ (a1 — A 3 5Tk T
(8 2" T3 1> <8+T gla )> (8 2" 4“)

Since AZ S [_zlp %] , a; € [—%, }1], then %(ai_l _Az) < [—g, %], %—i_Az > (0 and %—ai > 0.
Adding the absolute values of the off diagonal entries to get
T B T P N 1| AW A TP
=7+ 3+ (A —a) =1+ 5+ [0 + 0], -6, +67].
(2.42)
However, the absolute value of the diagonal entry leads to
e + 2+ 3(aiz _Ai)| =re+ 3+ 3(ai—A)=re+ 3+ 1[0 — 07, -6, —67].
(2.43)

The difference of the right hand sides of (2.42)-(2.43) gives
1 1
—=+=(©? 0?) <0
2 + 2( i—1 + ’L) < ?
which implies that

L dnt A = = del < S e - 4) (240
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Therefore, the matrix (§B + 37.A + 1F7) is strictly diagonally dominant and hence

invertible. So, U™*! which is given by

1 1 1 -1 1 1
Ut = (§B+§THA+ZF2) (gB—érnA—FZF%) un

—1
1/1_ 1 - 1.1 AT 1\,

(2.45)
is well defined.
In order to prove the stability of the scheme, we are going to prove that the following
inequality
ILEB+ir, A7 Ry < 1 (2.46)
is satisfied and then apply the Neumann series. Recall that the eigenvalues of the matrix
(§B + 3rA) are given by

1 1
L+ e = 6+ 2cos(8) + ral1 — cos(8)

:§+(i_rﬁ)cos<%>+7’na k=0,1,2,... M — 1.

These eigenvalues satisfy the inequalities

1

1 1 1, T > 7
g + 57%)% >4 1 !
3 + 27y Ty < i

From the definition (2.15) we get

= Az 2 Ax Ax '
. vty [V =V .
Assuming that —*+—<——— and —*—"— are uniformly bounded by Cj for some constant

Cy. Then, for fixed Ax we have

n n 'n+1 _ .TL+1
T z X T
At
= A0

< BAL < BAtg
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for some Aty > At, where § = ﬁCO.
Using the stated bound of |©F| we find the upper bound of the flux matrix norm.
The 1-norm of the flux matrix f7 is bounded above by
IFLllh = m]aX(\aj—ﬂ + laj—1 — Aj[ + |4])
< max 2(|a;1| +|4;]) = max2(|67_, — (07_1)%| + 107 + (7))

< 4(BAt + (BAL)?).
The sup-norm is bounded above by

1F 7o = m?X(|Ai—1| +lai-1 — Ag| + |ail)

< max(|A;1] + |aio1] + [A] + Jai]) < 4(BAE + (BAL)?).

Therefore,

IF Ll < AJIFEIRIF 2l < 4(BAE + (BAL)?).

By the same argument we get
IF Rl < 4(BAL + (BAL)?).

We set Q = (3B + 3r,A) " (§B — ir,A) and 6Q = H(§B + 31 A)"'F 7. If v, > 1, then

(3B + 57.A) ]2 < 1. So, with assumption SAty € (0, %) we have

1.1
16Qll2 = 13(B + 57wA) LIl < BAL+ (BAY)* < 1,

and the condition (2.46) holds. Therefore, the Neumann series
(I+6Q) ! =1-0Q+ (—0Q)* + ...

is convergent and we have

1

I +6@Q) 7 2 = 1 = 0Q + (=0Q) + .2 < L+ Q|2 + 6Q5--- = 7= 1501

(2.47)
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The right hand side of the above inequality has the following upper bound

1 2
g 10Q||2 <14 LAt + (BAL) :
1 —1{[6Ql|2 1= [16Ql|2 1 — (BAL + (BAL)?)
26At ~
<1+ =1+ CAt,
1 — (BAty + (BAL)?)
where C' = 1_(6At02f(ﬂAto)2). On the other hand, if r,, < i we have

1 1
||(§B + 57‘514)_1”2 S (% + 27“%)—1'

In this case we let SAt, € (0, ) where o < 3. So

1 1 _
10Q|l2 = Hi(gB + §rﬁA>—1F2H2 < (L4 2r)H(BAL 4 (BAL)?) < 20( + 2r,) 7

1
(3+2rx)
2

To satisfy the condition (2.46), we let @ < . Hence, we have
o 16Q]2

2(BAL + (5At)2)
T 10Q T 10Qk = T 1o 2(3AL+ (3ALY)

ABAL ;
<14+ —>-——=1+CAt
- 2(a+ a?) * ’

where C' = ) 15 For simplicity, we write

(ata?)

23 . 1
C = 1—(BAto+(BAL0)?2) it r,> 1

48 .
T5erad) if r, <

1
4

The iteration matrix of the scheme (2.39) is given by
(I+6Q) "B+ ir,A)'EB—1r,A+1rp) = (I+6Q)(Q+ }l(gB + 1 A7)
Therefore, if r,, > }l then
(T +0Q)7(Q + 2B + b A) Pl < (1+ CAD(1 + LB + 1) )
< (14 CAH(1 + (BAL + (BAL)?)
< (14 CAL)(1 4 2BAt)
=1+ CAt + 28At + 2CBAL
=14 (C + 28 + 2CBAt)At
<14 (C+28+ C)At

=1+ CAt
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where C' = 2(C + ). If r,, < % then C' = 2(C'+2). Hence, letting 7' and N be the final

time and total time steps respectively then by iteration we get

[T < 1+ Can (U

N
< (1+C0F) U0 < U0

Therefore, the scheme(2.39) is conditionally stable.
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CHAPTER 3. A 2D SEMI-LAGRANGIAN SCHEME

3.1 Derivation of the method

In this chapter we are going to extend the idea we used in the one-dimensional case

and apply it to a two-dimensional system. We will consider the following system

u+ V- (uVv) =V - (kVu) + g(u, v, x,y,1t) (3.1)
v =V-(oVv) = v+ fu,v,z,y,t) (z,y) € Qt>0 (3.2)
Ju Ov
% = a—n =0, (l’,y) S 8Q,t > 0, (33)
u(z,y,0) = uo, v(z,y,0) = vy (3.4)

where 2 = (0,1) x (0,1) is a rectangle in the plane and g(u,v,z,y,t) and f(u,v,z,y,t)
are source/decay terms.

Let M, and M, denote the number of subdivisions in the x and y directions, respec-

: 1 Ay L

tively, and set Az = -, Ay i

r;=1Az, 1=0,1,..M, and y;=jAy, j=0,1,...,M,.

The cells R; ; ( the control volumes ) and cell centres (z;,y;) are defined by

Rij = i1, 2] X [y-1, 5], (T0,75) = %(%‘71 + 25, Y1 + Y5)s

fori=1,2,...,.M,,j =1,2,..., M,,. The dual grid cells R;-{j are given by

R = (21, %) % [J-1, 9]
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fori=1,2,...,M,,j =1,2,..., M,. The goal is to compute the solution at time ¢, using
the data at time ,.
As we did in the one dimensional case, we track the characteristics associated with

the left-hand side of the equation (3.1). These are solutions of the initial value problem:

dx dy

o = Vo (thi1) = @, prialt Y(tni1) = 5. (3.5)

The image of the rectangle R;; is obtained under the flow determined by the character-

istic by letting (a, §) vary throughout R, ;:

Ri;(t) = {x(t,a,8),y(t, . B) : (o, B) € Ri;}.
For the time being, let’s assume that R;; is an interior cell and that R;;(t) does not
intersect the boundary 0f).
Let Q7' denote the interior of the solid {(z,y,t) : (z,y) € Ri;(t),t € [tn, tnt1]} swept
out under the flow. Integrating (3.1) over the region Q?jl and applying the Divergence
Theorem leads to

/// (kVu) + g)dV = /// Oz, Oy, Op) - (U, uvy, u)dV = // u(vy, vy, 1) - Nds
n+1 n+1

aQn+l

y ey

R ;(tn)

(3.6)

Here 77 denotes the outward unit normal to 8@”*1 We used the fact that the character-

istic directions (v,,v,, 1) are tangent to the lateral surface of 8@”“ to write the right

hand side of the above equation. In the following we will be approximating this integral
identity.

To derive the method, we approximate solutions by piecewise bilinear functions on

each time level. Since the functions are evaluated at the centre points of the grid cells, the

data values will be V", = v(Z;, 9j,t,) and Ul'; = u(Z;, Yj,tn). Let’s define the following

piecewise linear functions
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1Y

0 ¥i-1

Zi-1 o e

Figure 3.1 Diagonal overlapping supports of P; j(z,y)

Vigrj — Vi _
‘/i:j M(‘CB - xl)> T <x < Tit1
Viny + Axlilj (x — %), Tig <x <7
Viji+1 — Viy _ _ _
Vi,ﬂr#@—%)a Ui <Y<y
qi;lV](y) = VLV j=1,2,.,M—1

Vij—1+ A—y(y — Yj-1), Ui-1 <y <y

where V; ; = v(Z;,y;). Then we can construct the following locally piecewise bilinear

functions
[ V1) + L oigalV)) = sl () (0.9) € Ry
P Vi) + S (01 V] (@) = piga[V](@)), (v.9) € Ry,
PlVI(z,y) = iy |
pi-1;[V](z) + A—ZJ](PFLJ'Jrl[V] (z) — pic1; [V](2)), (r,y) € R,
| perVI@) + 5 V@) — s Vi), (@) € RY

(3.7)
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n] r! ! | i
1 ¥
0 Y
4 Yi-1
2! f
Zi-1 o e

Figure 3.2 Horizontal and vertical overlapping supports of P; j(z,y)

and
(V0 + o V1) — 4 VI, (2,9) € Rl
OVl — 4 Sl }i (0 [VI(9) = 61V )(0)). (2,9) € Rl
a1 V1) + — qu‘+17j—1[V] (v) — @11 [V1(y)), (v,y) € R,
| G V1) + T G V) — goalVIw), @) € R

(3.8)
It is clear that P, [V](z,y) = Qi;[V](x,y) for (z,y) € R,, ;,,. Therefore, we will use
them alternatively in deriving the method. In particular, we will use Q;;[V](z,y) if
integrating with respect to x is needed and P, ;[V](z,y) if we need to integrate with
respect to y. These functions have the property that P, ;[V](Z;,5;) = Qi;[V(Zs,y;) =
Vi ;. Figure 3.1 and 3.2 show the supports of these functions.

Now, we proceed to approximate the integral identity (3.6). The difficulties come
from the second integral on the right side of (3.6) while the first one can be shown as
a special case of the second integral. The boundaries of the departure cell R; ;(t,) are
smooth curves (Figure 3.3) rather than straight lines so that the departure cell sides
must be approximated. The region of R;;(t,) is approximated by tracking the vertices

moving with the characteristic flow and connecting them by straight lines (Figure 3.4).



Figure 3.3 The departure cell R; ;(t,) defined by curves vs. arrival cell R;; (shaded
area).

Figure 3.4 Approximating the sides of R; ;(¢,) by straight lines.

In order to achieve that, we need to solve the characteristic equations.

Let (x;;(t), v:,;(t)) be the solution of the characteristic equation

!/

x Ux(xaya t) X €T;
= ) (tnt1) = : (3.9)
y vy (2, y,t) y Yj

By integrating the system (3.9) and approximating the right hand side using trapezoidal

rule we get

T T i g (2(s), y(s), s
) = (tn)+/ (z(s),y(s), ) .
LT a1 .
~ T (tn) " %At Uw(x(tn)v y(tn), tn) + Uz(x(tn+1), y<tn+1)a tn—l-l)
_y_ Uy(x(tn)a Y(tn),tn) + Uy (@(tns1), Y(tng1)s tngr)
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In order to solve this system, we need to approximate the derivatives on the right side of
(3.10). Since v(x,y,t) = P, ;[V|(z,y,t), then Vo = VP, ;[V]. So by setting x(t) = x; ;(¢)

and y(t) = v;;(t) we can write

0 n 1 / n / n 1 Vel
Ux(xiayjatn—i-l) ~ (%Pi,j[v +1])($i,yj) = é[pi,j[v H] +pz‘,j+1[v +1H = §[Vm H]m’

a n 1 n n 1 Crn
Uy($iayj7tn+1) ~ (@ng[v +1])(xiayj) = §[q;j [V H] + qg,j+1[v +1H = Q[Vy H]i,j;

where, we are writing V;Z“ = 0(Z4, Yj, tnt1),s

- 1
n+1 . n+1 n+1 n+1 n+1
[V;v ]@j - A [V;-H,j - ‘/z’,j + ‘/i—l-l,j—l-l - ‘/Z}j-ﬁ-l]?
T
~ 1
n+1y] n+l _ y/n+l n+1 __ y/nt+l
[‘/y ]ZJ - [V;',j+1 V;,j + V;Jrl,jJrl V;+1,j]'

Ay
However, the derivatives at t,, are given by

waet) y(ta)s ) = (P (V) t), y(tn)

(8fp
n y(t’l’b) - g n / n
= pé,j[v ]+ A—yj [p/i,jJrl[v ] — Pi; 14 ]]7

and

We notice that y(t,) —3; = y(tn) — (y; — 5Ay) = y(ta) —y; + 3Ay. So, the system (3.10)

can be written as

1 tn - Yy 1 / n / n 7
zi & a(tn) + A [pﬁ,j V" + (y(i—yyﬂ + 5) (Pl V] = 0l [V7]) + V7 H]M] )
xT tn — T 1 n n n
ot D i V7 = VD) + 1770

1
y; = y(t,) + At {qaj V" + ( 5

2

Rearranging terms and writing the results in matrix form give



38

1 s s (Pl VT = o Vi) | |2 (t) — 2
3 ar (G, V7] = i [V) 1 y(tn) —y;
%(pg,j v +p2,j+1[vn]) + [Vanrl]i,j
(@ VM + g VD) + Vi

Assuming that the left hand matrix is not singular, we multiply by its inverse to get

#ltn) =@ = —lAt L X
y(t,) — Y; 21— i%ﬁ_; (p;,jJrl[Vn] - p;,j [Vn]) (qg+1,j [Vrl — qg,j [Vn])
1 _%ﬁ—; (p;,j+1[vn] - p;,j [Vn]) y
384 (g V] — V7)) 1
%(p;j[vn] + p;j+1[vn]) + [‘Z:nﬂ]i,j
%(q”[V”] + g, V) A+ Vit

(pi,j-i-l[vn] - p;‘,j [Vn]) _ (qz/url,j [Vr] - q;,j [Vn])

It | to see that = [V lis
is easy to see tha Ay N [Vaylii
where
n 1 n n n
[V;cy] i, — m[viﬂ,jﬂ Vz+1g V]H + V',j]-
Hence the system can be written in the form
w1, T3k |

For convenience, we set

gron = Tiilbe) =% pyn _ Yiiltn) — 4
AZL‘ ’ bJ Ay ’

By the identity

1 n n 6
T AV + GAHVE i) + GAHVE )" + O((At)°)

Ty
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we can write the solution of the system as ( ignoring the higher order terms)

Axt) N
Ayb7y
= (3.11)
Ax@f:n ‘an ij T ‘Ztn-l—l i,J ~ f/n iq+ Vn+1 IR
T =—1At [~ b [~ b — $(AD*V i [~y s [f/ hi
Ayo; Vi ig + Vg VMg + Vit
Remark 3.1: We assume that 67;] < 3 and |0?,| < § for all i and j so that

(25 (tn), Y (tn)) € RY,, ;1. Therefore, the line integral along each side of OR; ;(t,) will
not be broken into more than two pieces. Saying differently, the integrated function will
not be defined by more than two pieces.

It is clear that

We will use these equations in parametrizing the curve OR; ;(t,).

In order to evaluate the integrals over the departure cells we use the Divergence
Theorem to convert the area integral into a line integral. Let U(z,y,t,) be a piecewise
bilinear approximation of u(z,y,t,) on the dual grid cells {R{,} as defined in (3.7) and
(3.8) with V replaced by U. Since t,, will be fixed throughout the coming computations,
we write U(z,y) = U(z,y,t,). Let

T Yy

Wz, y) :/U(z,y)dz, W (z,y) :/U(x,z)dz,

x; Yi
so that $div(W?®, W¥) = U(z,y). By the Divergence Theorem
// u(z,y)dzdy ~ // (x,y)dxdy = 2 / (We WY - iids, (3.12)
L \J tn) z N tn 8Ri,j(tn)

where 7 is the unit outer normal vector along the boundary 0R; ;(t,). To compute the in-

tegral on the right side of (3.12), the curve OR; ;(t,) is parametrized by the characteristic
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flow (x(tn, a, B), y(tn, o, B)) defined by (3.5). For example, the east part of the approxi-
mation of JR; ;(t,) is parametrized by connecting the two vertices (x;;_1(¢,), ¥ij—1(tn))

and (z;;(t,), vi;(t,)). So the parametrizing equations are given by

rp(0) = zij1(tn) + o(wij(tn) — 2ij-1(tn)) = (v + 07, Ax) + (07, — 07;_,) A,

Ye(0) = Yij1(te) + 0 (yii(tn) — yij1(tn)) = (yj—1 + 07, 1 Ay) +o(1+ 07, — 0, 1) Ay.

The unit outer normal vector 7 is given as follows

(@'(0),y/ (o)) - 7T =0,

which implies that 7 = \/Eyll((a)) x((a()>))2 Let 4%, 4N, 4" and 7° be the east, north, west
o)2+(y' (o

and south parametrizations of OR; ;(t,), then

1
// u(z,y)dA ~ // U(z,y)dA = 3 / (We WY - fids
R(tn) R(tn)

OR(tn)

1
= 5{ /(ny’ — WY Ydo — /(W”y’ — WY )do

’YE ’YW

+ /(Wyx/ — Wy )do — /(Wy:v/ — W*)do}.

N S

v v

(3.13)
3.1.1 A line integral along the east edge of R(t,)

We now compute the integrals on the right sides of (3.13). The parametrized equa-

tions of the east edge v¥ are given by

rp(0) = (v + Az, ) +o(07; — 0F

7,7—1

)Az,
(3.14)
ye(o) = (Yj-1 + Ay, 1) + o1+ 0], — 0/, _))Ay, o €[0,1].

By the assumption (z;;(t,), vi;(tn)) € [T, Tit1] X [¥;, Yj+1] we see that the parametrized

line (zg(0),yr(c)) will be intersecting the line y = y;. Let o be the intersecting
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parameter of these lines. Then

/<WmaWy> Hiids = (/+/) (W*(xp(0),ye(0)yp(o) = W (xe(0), ys(o))ps(o)ldo,

" " (3.15)
where
 GuU1) @ — 7) + 1522 (0, [U)9) — V)W),
Wz, y) = N (z,y) € R@C'l+1,j+1
G Ul(y)(x —7;) + %%(%Hg—lw] (y) — aqij—1[U](y)),
L ($vy) € R?—i—l,j
and
(P01 - 35) + 3 ng") (P2 [U)(2) = piglU] (),
(7,9) € Rl j1a
W (z,y) = N2 2 ’
P01 - )+ LB G 01G0) — iy 0e))
L (z,y) € Rngl,j'

In the following we will be computing the first integral in (3.15). For simplicity we will
write Wi = W(zp(0),yp(0)) , Wi = Wo(xp(1),ye(1)) , W3 = W*(zg(o"),ye(0)),
and ¢; ; = ¢;j{U]. We notice that the derivative yj (o) is constant. So, using the trape-

zoidal rule gives

([ + [0 e(o).ye(o)n(o) @)do = Suplo” W5 + WE) + (L= ") WF + W)
= ()T WG + (1= 0" )WF + W)

where

W5 = 6i;1(ye(0))(z£(0) — 7)) (2p(0) — ;)"

A [gi1,5-1(ye(0) = -1 (y&(0))],
(zp(l) — 3;)° [

_|_
N[ =

Wi = q;j(ye(1))(xp(1) — Z;) + § Qi1 (ye(1)) — i (ye(1))]

(xE(U*A)x— 2 [Gi+1,j-1(yE(07)) — @i,j-1(ye(0™))].

W3 = ¢ij-1(yp(o”))(zp(0”) — 2;) + %
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In order to write the above integral we need the following equalities which are obtained

from the parametrized equations (3.14)

ye(0) =75 = (07,1 — 3)Ay,
yp(0) — gj-1 = (9;{]‘—1 + %)A%
ye(1) —g; = (07, + 3)Ay,
yp(ox) = 4;,
rp(0) — 2 = (07, + %)Am,

rp(l) — 7 = (07, + 3)Ax,

rp(0”) — T =i+ Az, + 0" (0]; — 07, 1) Az — 7

J— 1,j—1
= (3 + 00+ 0707, = 07;_1)) Az
= (407, +(1—0)(07,_, — 07))) Aw.

To keep the balance of the flux, we will use the first equation from the last equality with
the lower dual cell Rﬁ{ ;—1 and the second one with the upper dual cell jo and ignore the

higher order terms o*(6f; — 07, _;)Axz. From these equalities we get

¢i,j—1(ye(0))

Giv1,j-1(ye(0) = (5 = 07, )Uis1 -1 + (07,1 — )Uip1441,

(3 = 07-0)Uijr + (5 +07,_1) Uiy,

qurl,j(yE(l)) = (% - egj)UiH,j + (% + %)Uiﬂ,jﬂa
G (ye(1) = (5 = 07,)Ui; + (5 + 0/)Uij11,

Gi+1,j-1(Ye(0%)) = giy1,j-1(Y;) = ¢ij—1(y) = Ui ;.



43

Then, using all the above equalities leads to

Wi = (5+067,_ I)Ax{( -0, Ui+ (3 +07,_)U, ]
+1(3 +07; 1) Al‘|:(%—9${j1)Ui+1,j_1+(%+9§/’j1)Ui+1,j
—(%—szfl)U,-J_l (3 +07;, DU, }
= sa{ g - 810G+ 81,0 - 81,00
U, {( 0, )5+ 05, )G — 0y n}

+

W (2n(0°).35) = {%+9§fj_1+0*(9f e, a} At

2
+ % + 9%-71 +o (93: - Qf] 1)] Ax(Ui‘*‘Lj o UM)

NI

=§Aw{[§+ezj_1+a*<ef o a} [%—ezj_1+o*<ef o 1)]Um‘

2
e R AR o 1)} Ui+17a}

| ———

:%Am{{%+9§fj+(1—0) L H-—eﬂf (1—0™)(67,_ 1—9;3)}U2,j

+[%+QZ]+(1_U)<95]1 lm:| z—i—lg}

i = e[ - 000G+ 000G — 05| + [+ + 013 - 01
Ui | (3 = )G+ 057 + Uusnson |G )G + 02,7 |
From the equality yg(c*) = y; we get

(07, +o"(1+ 067, -0/,

%,J— 1))Ay - ez] 1Ay + U*y/E = %Ay7

= O-y/E—<__9;g] I)Aya

and
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yp(l—0") = [(1+07; =07, ) — (5 — 0, )IAy = (5 +07;) Ay.

Also, in the following we will write y(o) as
Yp(o) = (1= 07, +07) Ay = [(5 — 07,_1) + (5 +07,)] Ay.

Hence, the integral along the east edge is given by

(/ /) 0),ye(0))yp(o)]do

z%Ay{«—efJ WG (3 GLOWE + (3= 0, + & + 2, |
~ e Ui (3 = 81, 0+ 0, 0+ 2,003 - )
L) = O3 + 0203 - 05,
P (3 = 02,24 02, 03— 02,0 + Ui |+ 2% + 02,05 - 01,

Uy (5 =67 )G 0 ) 467 )t <§+ezj><§—ezj><§+ezj)2}

Pt (5 = 8, )P0 + 0,7 + Ui (5 + 80+ 02
(3.16)
Remark 3.2: [In the above approximation we ignored the second integral in (5.15)

because it gives higher order terms of the increments as we show. Let At = vh and

Az = Ay = h, then assuming v, and vy, are bounded we obtain

= (07, — 07,_)Ax = (%‘“") Ll >>A9:
_ / [0 (:(8), 05(6),8) — va (4(8), 4y (£), )]t
At
~ S a1, ) — 0y, ) (), 350) ) = ) () )

~ CAtAy,
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for some constant C. Hence

/Wy(x(a), y(0))2'(0)do = CAtAzAy = Cvh®,

3.1.2 A line integral along the south edge of R(t,)

Next we compute the line integral along the south edge +°. The parametrized
equations of v° are given by connecting the two vertices (z;_1;-1(ts),vi—1,;-1(t,) and

(@i j-1(tn), yij—1(tn)). So, we have

(3.17)
ys(o) = Yj—1+ A?J@?_qu + U(szq - 0?—1,]'—1)Ay7 o €[0,1].

Again we will consider ¢* to be the intersecting parameter of the line x = z; with the

line defined by the parametrized equations (z5(c),ys(c)). Along the south edge ° we

have

*

/ (W WY - fids = / " / W¥(25(0), ys(0))s(0) — W*(z5(0), ys(0)yis(0))do.

'YS

(3.18)
As we did before we compute the first integral and ignore the second one since it leads

to higher order of the increments . The function W¥(z,y) is given by
( _ 1 — 2 2
pij-1(@)(y — §;) + m[(y = gj—1)? — (Ay)*](pi(z) — pij—1(2)),
z,y) € RL | .,
Wy(x,y) — ( y) +1,7
Pim1j—1(2)(y = T5) + 3551y = §5-1)* = (A9)?|(pi1,3(2) = pimrj-1(2)),
(x,y) € Rﬁj.
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Using the trapezoidal rule, we get

( [+ ) W (rs(0), ys(0)) s(0)do = Salo (W 4+ W2) + (1= o)WY + W

1
= sl W5 + Wo. + (1 — 0")W7]
(3.19)

where

W = i ga(25(0) ((0) — )
S A(05(0) — 1) — (A9 lpirs(25(0)) — Py (s ()],
Wy =pij1(xs(0”))(ys(o™) — ;)
+ g ls(0) = 50 = (A0l s(as(o)) = pisoa as(o )]
W = pogor(as(D)ys(D) - )

+ %Ay[(ys(l) = J-1)" = (Ay)][pig(ws(1)) — pig-1(zs(1))].

To write the full expansion of the above integral, we need the following equalities which

are obtained from the parametrized equations (3.17)

r5(0) — 21 = (% + 9?—1,j—1)A$,

xs(0) — Z; = (effl,jfl - %)A$7

xs(1) — 2 = (07, , + 3)Ax,

?JS(O) —Yj-1 = (% + ‘9?—1,3‘—1)Ay,

ys(1) = 751 = (5 +07;_1)Ay,

ys(0) — g5 = (67,1 — 3)Ay,

ys(1) —g; = (07,1 — 3)Ay,

ys(o*) — o1 = (3 + 071, ) Ay +07(0),_, — 0], ;1) Ay

= (% + ezj—l)Ay + (1 - 0*>(9$’—1,j—1 - 0%,]'—1)Ay,
ys(o*) — Yj = (9?—1,]‘—1 - %)Ay + U*(ezj—l - 93—1,j—1)AZ/
= (9?,]'71 - %)Ay +(1— U*)(Q?fl,jfl - ez‘y,jﬂ)Ay-
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Also, the following equalities are necessary for our computations

Uij-1—Ui—1-1 4
Az

= (% - 926—1,j—1)Ui—1,j—1 + ( + 9z 15— 1)Ui7j—1v
pi-1;(7s(0)) = (% - 9?—14—1)(]1'—1] ( + 0 15— Ui
Pij-1(xs(1)) = (5 =07, )Uij1 + (5 + 607, ) Uisrj-1,

pij(xs(1)) = (5 =07, ) Uij + (5 + 67 ,_1)Uisr,

Pi-1,-1(25(0)) = Ui_1j-1 + ( + 07 15— Az

pij(r5(07)) = pij(Ti) = pic1,;(Ti) = Ui

( +‘9@ 1,5— 1)2_1:(93—1,;'—1_%)( +9¢ 1,5— 1)

By the above equalities, we get

We = (67, —35)Ay [(% — 07 Ui+ (5 + 600 1)Ui,j1}
F ROV 152 = D+ 0000 | = Oy (G 6y )0
— (3 = 01— ) Uiy — (507 - 1)Um‘1}
=50y —Uii1 [(% — 0715 1)(07 1.1 — %)2] —Uij [( 071, )00 —5)
Ui (010 = DG+ 0, )G+ 00,0

+ Ui—l,j |:(9§'J1,j1 %)( + 02 1,5— 1)( ezw 1,9— 1):| }
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W * = Ay{ {[91 1,j—1 (933 1 0?—1,]’—1)}
_%[ —1,5-1 (Qf] 1 ei'yfl,jfl)} [%+9§'Jfl,j71+‘7 (933 1 egl,jl)}]Ui,j—l
%{95’ 1,j—-1 (9?] 1 ‘9?71,3'71)”% +‘9§/71,j71 to (921/] 1 0?1,j1)]:| Uij
2
= % Z/{ - {93—1@—1 - % +o (9’:5yj 1 9?—1,3‘—1)] Uij

+ [[9?—1,3‘—1 o (07,4 8?-1,]'—1)][% +07 1, 00, — 9?-1,]'—1)]} Uz‘,j}
; [[ezj_l (L) 0 DN O (L= o) (O, — O m} Um},

Wiy: (9?,3'1_%)Ay[(%_9§j—1)UiJ—l+( +9” 1)Ui+1,j—l]
3OV 2 = )G+ 0203 = 08, 000+ G 00, )i
— (05U = (405, )i
= 300 = U3 = 8, 0~ 8 Ui (3405, )00~ )
U8, = D+ 0,0 = 0,0 + Uiy~ D+ 8, G+ 62, .

By combining the last three equations and ignoring the higher order term (Qf’jfl —
07 1 ;_1)Ay, we obtain the integral along the south edge. Using the equality o*z's(0) =

(3 — 07, 1)Az and writing z5(0) as

ffis*(a) (1—-07 -1 T 02] AT = [(_ - 9?—1,]‘—1) + (5 + ef,j—l)}Axa
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e )3 ) —%)2]

2,7—1

— Yi—1,5— 1)( +67, 1,5— 1)( +91 1,5— 1)(9?71,]'71_%)

T 1 SN NI 7 1—§>]

DO, — %)2] Ui [( O, 0 - D 0] |

(3.20)
3.1.3 Aline integral along the west edge of R(t,)

We advance in our process and compute the line integral along the west edge. The
parametrized equations of the west edge v"' are given by
rw(o) = zi1 + Azl 1j-1 T o0 1, 9i—1,j—1)Aa77

yW( ) =Yj-1 + Ayez 1,5—1 + 0(1 + 91 1,5 Hi—l,j—l)Ayv OIS [O’ ]‘]

Define o* such that yy (c*) = ;. So, integrating along vV gives

[ ds = (/+ / )=l (o)) ()W o), e )iy (0,

(3.21)
Again, we ignore the second integral in the above equation. The function W*(x,y)
given by
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(

Gi-1; (W) (@ — ) + g [(v = Tim1)? = (A2)*)(i5(y) — 6i-15(v)),

z,y) € RY,
vvm(x’y):: ( y) ,J+1

G151 (Y) (@ — 7)) + gz (@ = 7i1)? = (A2) (g g1 (¥) — Gim151(9)), |
(z,y) € RY

1,J

\

Using the trapezoidal rule, we obtain

(07+U[1)Wx(xww)»yW(U))ylw(U)dU ~ %y’W{U*Wg (1= o)W + W=}
(3.22)

where

Wy = gi-1,-1(yw(0))(xw (0) — Z:)

+ ﬁ [(fﬂw(O) —Ti1)” — (Ax)z] (¢ij—1(yw (0)) — gi—1.;—1(yw (0))),

W5 = gi1j-1(yw(0"))(zw(0") — 7;)

* ﬁ [(aw(0*) = 2i1)” = (A2)*] (qij1 (yw (07) = G151 (yw (7)),

W = i1 (yw (1)) (2w (1) — ;)

b [@w1) = 200)? — (A0 gy o (1) — g (D).

The following equalities are necessary to write the above integral
rw(0) — T = (% + 9?—14‘—1)A$a
rw(0) — 75 = (926—1,3'—1 - %)A%

rw(0*) — Ty = (% + 9?—1,;’—1)A95 + o (07, — 9?—1,;’—1)A$a

7/_]-7]

= (% + 07 ;) Ar + (1 - U*)(Qf—l,j—l - 9?—1,j)Aw

i—1,5

rw(0*) — ZT; = (92{1,3‘71 - %)Am + U*wﬁu -

egll,jfl)Ax
= (071, —3)Ax+ (1 —0")(07,; , — 07, ,)Ax
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Tw 1) — T = (% + Hﬁu)A:C,

-1 2

)

1) —7; = (0, — HAx,
)
)

Also, the following equalities will be used in our computation

Uiy — Uiy )
Qi,j—l(yw(o)) =Uij1+ ’]A—y’“(yw(o) - yj—l)

= (3 =001, DU+ (5+607,; )Uij,

Gi—1,j—1(yw (0)) = (3 — 0/ ,_)DUic1jo1 + (5 + 071 ;_1)Uicr,

Qi,j(yW(l))

(% - H?—l,j)Ui,j + (% + 9?—1,;‘)Ui,j+la

Gi—1,;(yw (1)) = (3 = 07y Uiz + (5 + 071 ) Uit j1,
Gi—1;(yw () = ¢i—1,;(Y;) = Gi—1,j-1(F;) = Ui—1,;

1 B 1 N i
E[(IW(O) —Zi1)? = (Ax)’] = §A$(9i—1,j—1 - %)(gi—l,j—l + %)

Then, using the above equalities we have

Wox = Ax{(ef—mq - %) [(% - Hiyfl,jfl)Ui—l,j—l + (% + Hgl,jl)Ui—l,j]

+ %(ef—l,j—l - %)(95—1,]‘—1 + %) [(% - egfl,jfl)UiJ—l + (% + eg/fl,jfl)UiJ
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W = Ax{(ef—l,j—l - % + 0 (0 — 011 Uin,
+ %(9?71,3‘71 - % 0 (07— 01 ,-10) (00 + % + 0 (07— 07 1,-1))
[Uij — Uil,j]}
2
= %Ax{ —Ui—1 |:Qfl,j1 - % + ‘7*(9;‘”714 - 9?1,]'1)}
+U;; |:(0ix—1,j—l - % + 0*(95—1,]‘ - 9?—1,;’—1))(9?—1,]’—1 + % + 0*(95—1,3' - 9?—1,;‘—1))] }
2
= 380{ = U |, - b+ -0 0
+ Ui, [(91‘?1,3‘ - % +(1 - ‘7*>(9f71,j71 - effl,j))(effl,j + % + (1 - U*)(effl,jfl - 6?1,3'))] },
and
Wy = A${(9§c—1,j - %) [(% - egfl,j)Ui*Lj + (% + egl,j)UiLjJrl]
+ %(eﬁl,j - %)(9;‘21,]' + %) [(% - 9?—1,;‘)[]@]‘ + (% + 9?—1,j)Ui:j+1
- (% - ezy—l,j>Ui—1,j - (% + 9?—17j)Ui—17j+1] }
= %AI{ — Uiy [(6)?—1,]' - %)2(% - 93/_1’],)} —Uirrjm [(Qz‘z—u - %)2(% + 0%—1,]‘)}

+ Uz}j [(9?—14‘ - %)(eff—l,j + %)(% - 0?—1,3‘)} + Ui7j+1 [(9?—14‘ - %)(ef—l,j + %)(% + 9?—1,]')} }

From the equality yw (0*) = y; we get that o*yy, (% — 0/, ;1)Ay. By combining
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all of these equations, we obtain the west edge integral

(/ /) ), yw (0))yw (o)do

1 1 1
—Ay{(Q - 9@ 1,j— DWo + (5 91 1])W1 [(5 - 9?—173‘—1) ( + 9@ 1])]Wz }
= %AmAy{ —Uic1j-1 {(Qf—l,g‘—l - %)2(% - 031,;’1)2}
—Yi-1y (0?—17j—1 - %)2(% - egfl,jfl)( + 91 1,j— 1) (ezz 1,7 %) ( + 92 1])( 95/ 1,5

U |67 = )6+ D) - 9?1,]-02]

+Ui7j (ezg'cfl,jfl - %)(QI 1,j—1 + )(% - 9?—14‘—1)(% + 6?—1,;’—1)

61y = DO+ DG 0,0 - 0]
07 1+ (5 + 07 U)H.

(3.23)

=
—
<
+
—_
—~
D
~
[
<
N
\_/
/-\
+
%
@
,_.
<.
\_/
|—|
+
=
<
+
—
—~
D
N
—
<
|
N
SN—
~—~

3.1.4 A line integral along the north edge of R(¢,)

The last integral will be along the north edge 7" whose parametrized equations are

given by

(o) =20+ Azl +o(L+07, —07

)Az,

yn(o) =y; + Ayl ; +o(0), =07, ,;)Ay, o €][0,1].

Let o* be the intersecting parameter such that xy(c*) = Z; . So, integrating along v

gives
[ weias = (/+ / ) el (A0 a0, (o)) 0

(3.24)
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We ignore the first integral. The function W¥(z,y) is given by

W¥(z,y)

(

\

pic1(®)(y — ;) + ﬁ(y — 4;)2(Pi-1,j11(2) = pic1,j()),
(z,y) € R;'i,j+1
pii(@)(y —y;) + ﬁ(y — 4;)2(Pija () — pij(x)),

(z,y) € ch'l+1,j+1

Applying the trapezoidal rule, we get

<7+j)Wy(xN(a),yN(U))x’N(a)da o %x&{a*wg (L= )WY+ W)

where

(3.25)

Wi = pi1,(zn(0))(yn(0) — 7;) + E(yzv(o) — 7;)%(pi-1,j+1(2n5(0)) = pi1(xn(0))),

1

W3 =pic1j(en(0"))(yn(o") — ;) + m(ij(a*) — 75’ Pi11 (@5 (07)) — picr(2n (%)),

Wi = pij(en(1)(yn (1) — 55) + ﬁ(yw(l) = ;)" (Pig+1(@n (1) — pig(an(1)))-

The above equations involve the following equalities

an(0) = Ty = (53 + 07, ))Ar,

l—l,j

— %)Aw,

i—1,7

yn(0) — 5 = (5 + 071 ;) Ay,

yn(o") — ;= (% + egfl,j)Ay + U*(Qiy,j - eg—l,j)

= (% + sz)Ay +(1— U*)(egtl,j - 9?,]')’

yn(1) — g5 = (5 +67,)Ay
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Pic1js1(an(0)) = (53 =07 Uica g1 + (5 + 071 ;) Ui,

pi—1,;(7Nn(0))

( 0:: lj)Ui—lj ( +0@ lj)UiJ’

Pij(@n(1) = (5 = 07)) Ui i1 + (5 4 07 ) Uisr g1,

pij(an(1) = (5 = 07)Usj + (5 + 07 )Uisaj.

By the above equalities we can write the following equations

WY = (3 02,080 (3 = 6200+ (34 62,005
+3Ay(3 + 07, ;) {(%—ef—1,j)Ui—1,j+1+( + 071 ) Uit
— (5 =07 )iy — (5 + 67 1])Um}
= sau{ UG- 0 )G+ 0 ) -0
+ Ui {( +07 )5 +00,,)0 931])}

 Uimngin (= )+ 0] + Ui [ 820+ 02, |

W2 = S (5 + 01, + (0 21D = B+ 0" (6L, = 01, )]y
F L0+ o0, —931]>>U,j+1},
= 30{ [+ 02,4 (1= 0" )8 = BL))E 01, + (1= "B, = L],
A0+ (1= )6, — ezj»?w,m},
and

WY = S U [0 = 050 + 003 = 0] + w6+ )3 + 023 — 1)

U [(5 = 02+ 67,)2) + Uy [(4 07,03 +02,)7] }
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From the equality zy(0*) = Z; we get that o*zy = (3 — 67, ;)Az. Hence, by combining

this with the above equations we get the integral along the north edge

(/ " /1 ) W(ax(0), yv (0))aly (0)do

< aand oo e G o) (G- o)+ G )

ZiAJ;Ay{UiL] [( — 0 (oY, ) — oY 1])}
RNt 526
(5= 023+ 6,0+ 0,3~ 0L)
+@+%w—%w+%@—%ﬂ
Fhgon | (= 081, + 051,004 + 02,0+ (o O3 = 623+ 017

P | (4 05,3+ )3 = 02)] + Vinngon |3+ 0278 + 02,7
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Now we add the equations (3.16), (3.20), (3.23) and (3.26) to get

// Y, ty {/Wwy'dy+/Wyx dr — /ny'dy /Wy:v dy}

Rij(tn)

~ gAxAy{

Wiy | (3= 67 (L + 600 U>}+2m+MH[@—+%»%§+eaf]

+2Ui:j+1 <__9;C 1])( +02 1])( +92 1]) (%4_92])(%_92])(%_'—92])2}

B A L T BN ¢ SN W E U T B +@1p]

+2Ui,j ( —9;’3 1;)( +91 1;)( +9@ 1;)( 9? 1;)

+(G+H0)G -0, G+ 600G - 0)
+(%_9ix—l,j—1)( +91 1,5— 1)( 9? 1,5— 1)( +91 1,5— 1)

e )G -6 )G -6 ) +¢Jn}

U, | (3465, P er (et )+ <-+@p%%+eax%—eaﬂ

-wijl@—%MAP@—%M4ﬂ+awHJ{<+@]o< enn}

BN [N TE A V4 W RN O C O 16 B S 1O %]o].
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With some algebraic manipulation, the above equation can be written as

1
// x, 1y, ty)dA ~ —{/W@'dy%—/W%'dm— /W”y'dy—/Wyx’dy}
,YS

R j(tn) N ot

—Aa:Ay{2UZ Lo 1{[ — 07 (1 —07, )] [5+00,,;(1+6 11)}}

+2Uis1 41 | [3 +07;,(L+ 607, )] [3+67,(1+ 07, )ﬂ

#20spa (3= 07,0007, + 0,0 = 0] [+ 0,0+ 0]

+2Ui717j [111 - 9&1,;'71(1 - 9;‘31,3’71)] [% - 9?—1,]‘—1(1 + 9?—14—1)}

b= 00— 00 ] [3 400,00
+2Ui—17j—1 [411 - 9?—1,]‘—1(1 - 9?—14—1)] [411 - 93—1,]'—1(1 - 6?—14—1)]}

+2Ui+1,j—1 [ +91] 1(1+0’L] l)i|[ 9?3 1( ezjl)]:|

12U |[2 =07, (=07, )] [E =00, (=0, )]
+ [ 00 (=000 5 - 07, (0= 00 1)]]
+2Ui+1,j[[ + 07, (L4067, )] [2+067,_,(1—067,_)]
+ [ +07,(0+067)] 3 +67,(0 -6, )]}
+2UZ][[ — 07 (167 )] [2+0, (1 =067 ))]
+[2467,00—07)][2+67,(1—067))]
(300 (=0 )] [F =0, (=0 )]
[+ 00,0 0, 0] [ - 80 020)] |

For convenience, we set

= 65,(1—er), Ay = 0O7,(1+65,),
W= O (1—eY), —0!,(1+6Y),

where ©;' ~ 07} and O} =~ 0}".
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So, the above equation can be written in a compact form as

1
// Uz, y, t,)dA = 5{/Wg”y’der/Wya:’d:z:— /W”y’dy—/Wya:’dy}
’YN w ,YS

R; j(tn) ~E ¥
= 1A A
~ _Ax
3 Yy
1 6 1 6 36 6 1
gUz’—l,j—i-l + gUi—l,j + gUi—l,j—l + gUi,j—l + gUi,j + gUz',jH + gUi—O—l,j—l
6 1
+ gUH—Lj + gUi+1,j+1
a7
+ 5| (@i—1j-1Uiz1; + Aic1j1Uiy) + (aij-1Usj + Ai,j—lUi+1,j):|
3 -
+ 5~ (@i—1Ui—1j + Aic1 Ui ) + (@i iU + Ai,jUi+1,j>1
T
+ 5|~ (ai—1-1Uiz1jo1 + Ai1j21Ui i) + (@i j—1Us jo1 + Ai,leiJrl,jl)}
) -
+ 5|~ (@ic1Uic1 01 + Aic1 Ui jn) + (i Ui jon + Ai,jUi+1,j+1):|
3 -
+ 5~ (bi—1,-1Uij—1 + Bi—1,j-1U; ) + (bi—1;Uij + Bi—l,jUi,j+1):|
5 -
+ 5|~ (bij—1Uij—1 + B j—1Ui ;) + (bi ;Ui + Bi,jUi,j+1):|
) -
+ = | — (biz1j-1Uiz1j-1 + Biz1j-1Uiz1j) + (bic1;Uiz1; + Bic1 ;Ui j41)
2 L
T
+ 5| (bij—1Uis1j—1 + Bij—1Uit1;) + (bijUit1,; + Bi,jUiH,jH)]

|
)

ai-1,bi-1,Ui—15 + ai—1;Bi—1Ui1 511 + AicjbicjUij + AicajBica jUs i
J J

+ 2 a;;0i,;Ui; + aijBi jUij11 + AijbijUis; + Ai,jBi,jUi+1,j+1:|

= 2|ij1bij1Uija + aijaBij Uiy + AijabijUipr 1 + Az',j—le:,j—lUm,j}

+2|a;i1,5bi—1;-1Ui—1jo1 +aim1j1Bici joa Ui j + Aica joibic1 j-1Us ja

+ Az‘—l,j—lBi—l,j—lUivj:| }
(3.27)

For the benefit of verifying the mass conservative property it is good to write the equation

(3.27) in a conservative form. To distinguish between the forward and backward values
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we write the super-scripts n. Let

z,n __ n n n n yn __ n n n n
= aiUl + AU 5, Ey = 05U + BUT
[T n n n Ysm __ pn n n n
Fi,j - az}j—lUij + AZ}j—l 1+1,57 Fw - bi—LjUiJ + Bi—l,jUi,jH

and

n __ n n n n n n n n n n n n
iy = ai;biUdy + af; BiUil o + AL 00U 5 + AR B U

Now the equation (3.27) is written as

[ v@vt

R j(tn)
1 1 6 1 6 . 36 _ 6
~ gAfEAy{g i—1,j+1 + g i—1,j + g i—1,j—1 + gUz’,j—l + gUm‘ + § ij+1
+ §U¢+1,jf1 gl gUiJrl,jJrl +2(H - HY o+ Hy oy — HE )
1 z,n z,m [T, rT,m 3 z,mn z,n [T, rT,m
+ §(Fz]71 - F;;l,jfl + Fz’,j+1 - F'ifl,jJrl) + §(Fzg - Fz>1,j + Fzg - Fifl,j)
1 n n rY,n rY,m 3 n n rY,m rY,n
+ §(Fzyf1] - F;?Jil,jfl + Fg{ﬁl,j - F;yil,jfl) + 5( zy] - F;?{jfl + Fzyg - Zyjl)}

Remark 3.3: If v ;(t,) = ; and y;;(t,) = y; then 07, = 0], = 0 for all i and j.

Then we have

R,
1 1 6 ., 1. 6 36, . 6.,
~ gAxAy{gUz‘—l,jH + gVt + gUi_l’j_l + gUi,j—l + gUz‘,j + g it
1 6 . L,
+ gUi—‘,-l,j—l + gUi—H,j + g itLi+D

which 1s a quadrature for the bilinear approximating functions.

3.1.5 Approximation of the diffusion term

To complete the scheme we must include the diffusion and source terms. The diffusion

term is treated in the same way discussed above. applying the trapezoidal rule and
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Divergence Theorem on the diffusion term gives

///V K/VU dV ~ 1At<//v IiVu |t +1dA+ // liVu |tndA>
2] tn
= %At( / (kVu)ly,,, -7 ds+ / (kVu)ly, -7 ds).

aRi,j 6Ri7j (tn)
By the same argument we compute the line integral along the boundaries of the departure

cell OR; j(t,). Along the east edge v¥ we have

1

/ VU, i ds = / (Vs (25(0), y(0)s(0) — Uy(25(0), yp(0)) (o) do.

~E 0

As we did before we will ignore the second integral because of higher order of the in-
crements. Also, we let ¢* be the intersection parameter of the parametrizing equations
and the line yp(c*) = g;. We write U2 = U(zg(0),yr(0)) , Ul = U(xp(1),ys(1)),
U = Up(zp(c*),ye(c*)) and pj ;(x) = p} ;. The function U,(z,y) is given by

Y= Yj-1
Pij1t A—y][p;j —pijal, (7,y) € de+1,j

Y—Yj
pij+ A—yj[p;,jJrl _p;,j]v (z,y) € Rg+1,j+1'

Ur(,y) =

Applying the trapezoidal rule, we obtain

1

1 *
/nyjg(a)da = §y’E{U*U£ +(1- J*)U; +U; },

0

where

1
Ug ( 9%’] l)p;l,jfl +( +01] l)pz]7
1
Ua} ( 93/ )plj ( + 9'?,j>p'/i,j+17

U7 =i (we(0")).
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Hence

/UmyE ds ~ lAy{( _9?] 1) p;,jfl—}_( Qf] 1)( +0’Lj 1)p1j

,YE

R O)E = 0+ (6%, }

Ay
~ 5 Vs |G- 02| - v |5 - 0,

_ (3.28)
Ui (3= B, )G+ 8L+ G+ 803 - )
Pl | (3 = 02,00+ 82 0) + G O3 = 8L)
+Uit1,5+1 _(% + 9{1{3-)2} —Uijn {(% + 95/,1)2} }
Similarly, integrating along the west edge vV gives
[ Oty do {4 = 0 b (= B )G O e
A
F 0,0 — 0 0l (0P )
%%%{U” 1[( e lﬂ ~ Uimta- 1{(2 - 1)2} (3.29)

+Ui,j (% - 921‘/—1,3'—1)(% + 9?—14‘—1) ( + 9@ 1])( ezy 1])1

—VYi—1lj (%_9?—1,3'—1)( +9@ 1,j— 1) ( ‘ng 1])( 93” 1;)}

+Ui1j+1 ( +01 1]) :| _Ui—l,j-i-l |:( +61 1]) :|}

Integrating along the north edge vV leads to
1
[ VUL, ds = [ [~ Uulan(o). un(@)i (o) + Uyan (o). un()a'(0)ldo:
N 0

By ignoring the first integral we have

1
/Uy:v'N do ~ 32y {o*U) + (1 — 0")U, + U,(c*)},
0
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where
Uy(z,y) = Gi15+ %[%J — gl (Ty) € Rijn
Gij + %[qu-lj digl (2,y) € By
So we have

UO ( 0’? lj)q’g—lj ( +92 1])QZJ7

Yy

U, = (% - ezj)qg,j + (% + ef,j)qz,url,j»

Yy
Uy(a*) = q;,j'
Then, the integral is given by

/nylN dO'% %AI{(--@ZE 1]) q’gflj ( 9? 1])( +92 1])%]
AN

+ (5006 =074, + (5 + 9%)2%{%;}
z%ﬁ—z{m UH[( em)}—m 4( 0;”1])} .
uld e @ e )4 +ezj><§—ef,j>}

U | (=07 )@ 467, )+ (L +ezj><§—ezj>}

+Uis1j41 (% + Hix,j)Q] — Uit [(% + sz)Q] }

The last integral will be along the south edge ° that is similar to the integral along

the north edge with the jth index shifted down one unit. Hence
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/st do ~ IAI{( — 0 1j— 1) g 15— 1+( 92071,]'71)( + 07 1,j— 1)%] 1

( + ez] 1)( ezmj 1)q'§,j71 + ( + 01] 1) q;+1,j1}
~ %%{Ui—lu {( — 07, 1)2] —Ui—1,5-1 [(% - ‘9?—1,]'—1)2}
"’Ui,j (%_9?—14—1)( ‘1”91 1,j— 1) ( "’9” 1)( efg 1)]

N [ 1 WO S TR 1 ealﬂ

(3.31)

By combining similar terms in (3.30) and (3.31) we can write

(/_/)vu 7 ds

Ax
%A_{ Ui—1j+1 + Uzg+1 + Uz+1,a+1 2Uz 1,
— B0 = 2Ui;+ Uic1jo1 + SUsjoa + Ui
—(ai-1Uic1 51+ Aic1 Ui ) + (aic1Uioj + A Ui )
—(ai;Uij + AijUi15) + (a5 iU g1 + AijUis 1)
- (ai—l,j—le’—Lj—l + Ai—l,j—lUi,j—l) + (az’—l,j—lUi—l,j + Ai—l,j—lUi,j)

—(a;j-1U;i; + Ai j—1Uisr5) + (aij—1Ui j-1 + Ai,j—le‘—f—l,j—l)}

1 Ax

2A { Uz 17j+1+ UZ]+1+ Uz—l—l,j—i—l 2Uz 1,5

12 2 1 6 1
— 53U = Ui+ 1Uic o1 + 301 + Ui

—Fl o FL - E

2,7—1

n T T rx
-+ Fzy+1 Fi—1,j+1 + Fi—l,j}'

(3.32)
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Similarly, we add (3.28) and (3.29) to get

— Ay
~ 1 1 2[{ 1!7 6!7 12[7
’YE ,YW

+ QUi+ Ui — Ui+ Ui
— (bij—1Uip1,j-1 + Bijo1Uip1;) + (b j-1U; j—1 + B, j—1U; )
— (b3Ui5 + BijUi j+1) + (biUirr; + BijUis1+1)
— (bi—1j-1Ui—1j-1 + Bic1j-1Uiz1 ;) + (bic1j-1Ui j-1 + Bi—1,;-1Ui )
— (bi—1,;Ui; + Bi—1,jU; jv1) + (bicjUi1j + Bil,jUil,jH)}
%%%{%Ui—mﬂ — 2Uijr1 + 1Uirr 1 + SUi_1; — 22U
+ Uity + Ui — 301 + Uip1 0

y Y Yy y [y [y ) [y
- F;fl,jfl + F;,jfl - Fz] + Fifl,j - Fz‘+1,j—1 + F’i,jfl - Fi,j + Fz’+1,j}~

(3.33)
The source term g(z,y,t,u,v) can be approximated in a standard way.

scheme can be written as
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1 n+1 n+1 n+1 n+1 n+1 n+1 n+1

i,j+1 i+1,5+1
6Un+1 Un+1 K At 52 Un+1 652 Un+1 52 Un+1
+ 00U + Vit T A2 | ™ ij—1 00U 57 + 0,V
_x A Loy gppnt | gyt
16 (Ay)Q y~i—1, AN y i+l

——

Uy oy +6UR Uy + 6UR |+ 36U 46Uy + Ul i

- 6i4 i,

+6U; + Zf‘l,j—l} + };{Hfj —H A+ H o - Hzn—l,j}

+ 1—16{(1’%?1 — F o+ EL = B ) 4 3(F = B+ B - FEY )
(P = FU G H B = B+ 3 — U+ EY E’,’fiﬂ}
+ %&{i(diU{lj—l + 65:%(]33‘ +62 1)

. yn yno_ y,n yn o y,n ysm o ymn [Y,m
F g T — Fiy B2 = F o+ 0 — B +Fi+1,j}

K At 1 211N 211N 211N
+ Z (Ay)z {Z_l((sin_lvj + GCSZ,J(JY,L“7 _|_ 52} i+1,j)
LR G ERERR O FER _pEe fen fen F} NS
(3.34)

where G, = g(U[fj, ig,fi,yj,tn).

As we did in the one dimensional case, we are going to reverse the process and looking
for the characteristics in the forward time. Let (x;;(tn41),9i;(tn+1) be the solution of
the characteristic equation

!/
@ v (2,9, 1) x i
= , (tn) =
Y vy (2, y, 1) y Vs
Let Hz’jnﬂ and 95’7’;”1 be the deviations of the solutions ,z; ;(¢,+1) and y; j(t,+1),0f the

characteristic equation from the grid point x; and y; respectively in the forward time .

By the same argument made to solve the system (3.9), we obtain
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Az Vi + Ve - VirTis + Vit
N RSN it B I VA K L ns P T "1 (3.35)
n+1 Crn Trm, = o
Ayd? Tt Vig + Vi Vg + Vi
Let
zn+l  nd+lrm+l n+lyrn+1 n+l  gntlyrntl n+lyrn+l
o = z+ Uz+ A+U++1]7 FY _b+ (]Jr B+U;_17
~ron+l n+1 n 1 n+1 n+1 y,n+1l _ gn+t n+1 n+ n+1
Fi,j - 1] IU - Azj_ 1U’L+1j7 FZLZ,/] b U B Uszrl
and
Hzrfjl — Tfjlbn+lUn+1 + anJranJrl Un;r-i—ll + An+1bn+1 UzT—Li-Jrllj An+1Bn+1UZ_+11J+1

Then, the scheme in the forward time is given by

{U” i+ 6U1."_+L + Ut i+ 6U”+11 + 36U"+1 + 6U”j+11 + U’}jllj+1

2,7—1

L OUIEL 4 UL 1}+i{HZ?f1—H?_ﬁ, CHM }

1 r,n+1 x n+1 z,n+1 rx,n+1 zr,n+1 x,n+1 x,n+1 rx,n+1
+ E{:&(Fm = FENS BT = EOYE) - (RS - FEYSL o+ FA - FEY)

y,n—+1 y,n—i—l y,n+1 y,n+1 Y, n+1 y,n+1 y,n—+1 ry,n—+1
+3(FY — FY A B = B (RO - FESL B - R 1)}

2,7—1 J+1

K]At 27n+1 2rm+1 2rm+1
—ZW{%(W* L6201 UML)

y,n+1 y,n—+1 y,n—i—l y,n+1 y,n—i—l ry,n+1 ry,n+1 ry,n+1
+F2Lj1 Fi,j F F —1,j— 1+F E+1j 1+FZL+1,] Fi,j

Ei
*(Ay)?

T n+1 x,n+1 z,n+1 x,n+1 x n+1 T,n z,n+1 rx,n+1
+ FO - B F = B+ BOYS - UL+ F - B }

— {i(ajw A+ 68U+ OUT)

i+1,5

i,7—1 4,7+1

{U"UH+6U” Uy o1 + 606U + 36U +6U + Ul

At n .

+ 60U+ UM, 1}+1“6(M) {62U _1 + 682U + 62 ”H}
K At 52Un 52Un 52 A Gn—H
i a2 | U ;+6 + 6 UM, o+ AtGE

(3.36)
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For algorithmic purpose we will set

n __ n n n n n n n
n n
+6U; 1 ; + Uilq joas
T _ pxn z,n [T, rT,m
wij =I5 — o+ F = F2g,

~T,Nn __ pxm z,n z,n rT,m
Wi = F’i,jfl - Fz’fl,jfl + Fi,j+1 - F‘ifl,j+17

Yn __ 1Y,n Y,n [yY;m [yY;m
wij =y = Fo T F = Fia

~Yy,n y,n Y,n ~y7n ~y7n
Wi = F’ifl,j - Fifl,jfl + Fz’+1,j - Fi+1,j717

At
AU = {5§U”~_1 1 662U + 52U }

(AQZ’)Z 2,7 1,5 ™~ i,5+1

n At 2rm 21 211
AZ]{U }: (Ay)2{5yUl_1’]+65yUZ’]+5y i-‘rl,j}'

By taking the average of the two schemes (3.34)-(3.36) we get

1 ntl L{ zn+1 ~z,n+1 y,n+1 ~y,n+1}_i x ntly _ K AY n+1
siliy T Bwiy  Twiy o 3w W) AU = AU}

1 n+1 n+1 n+1 n+1 kAt zr,n+1 ~x,n+1
+ §{Hm’ — HiT + Himy - Hi—l,j—l} T A AR |

k_At f _ wyntl | ~yntl
sl Wl e}

=giliy + g 3wiy O 3wl Gl 4 AU + AU

1 no__ n n . n Kk _At ., zn ~T,n
+8{Hz‘,j Hi g+ Hij Hz’—l,j—l}st—(Ay)z{ Wi T Wi

+ g(fgf)z{ — w0} + L(AWGY + AtGET.

(3.37)
3.1.6 Boundary cells

In the above derivation we assumed that R; ;(t,) is an interior cell. For the boundary
cells we use different approximations of the solution u(z,y,t). Let’s assume that the
solution is approximated by piecewise linear functions in the boundary cells. We assume

that there are ghost points {zo, Zpr+1, Yo, Ym+1} outside the domain and set po; = Uy,
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Figure 3.5 The boundary cells for i =1, Ry ;(t,) -

Pyv+1,; = Umyj s @0 = Uin and ¢ avr1 = Uiy Hence, we have

Py =U;+ y;yyj(Ul,jH —Uy),
Parj = Unj + y;ygj (Untjr1 — Unty),
Qin =Uix + xA_ji(UiH,l —U;1)
Qi = Ui + %(UHLM —Uim).

Let’s consider the boundary cells on the west edge I''" of the domain Q (Figure 3.5).
There will be no change in calculating the integral along the east edge v* of the cells

Ry j(t,). For the south edge v°, the parametrized equations are given by

rs(o) =o(1+07; ,)Ax

ys(o) = Yj—1 + 9373;1Ay + U(lel,jfl - 98,j71)A?J, o € [0,1]
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from which we have

ys(o*) —y; = (93,]—1 %)Ay +o (‘9%3 1 90,;’—1)Ay

—5)Ay+ (1 -0 )(Qg,j—l - 9:1{,]‘—1)A3/-

I
—~
D
v}_‘cﬁ
k)
,_.
[

Along the south edge we have

o*

1
/(W“,Wy ~iids = ( /+/ [(W¥a'y — Woy|do, (3.38)

'YS

where

Urj-1(y = 93) + sa5l(y = 55-1)° = (Ay)*|(Ury — Urja),  (2,y) € Ry
Wiz, y) =3 pria @)y = 75) + 5551y = 55-1)* = (Ay)*)(pr () — prja(2)),
(ﬂf,y) € Rg,j

We will be ignoring the second integral. By the trapezoidal rule, the first integral can

be written as

o* 1
( / + / )wygcgda:gm[%vvg (L4607, )WE + (4 4+ 07, )WY
0 o*
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where

Wy — %Ay{ — Unjea [(05; 1 — D + Ui [G+ 68, )08, — D]}

WY, = Ay{

Urj-1[(08 20 — 3) + 0™ (07 1y = 08 ;)] [5(=08 20+ 3) + 07 (07 -, — 68 ,_1)]

+ Ui [(eg,j—l -5+ o (07 ;1 — 98,;‘—1)] [%(Qg,j—l +3)+ o (07, — 93,;’—1)] },

_ Ay{

Urj—1[(07 ;21 = 3) + (L= ") (05 ;-1 — 01 ;- )] [5(=07 ;1 + 3) + (L= 0") (05 -1 — 67 ;_1)]
+ UL (07, — 3) + (L =)0, — 07 ;- )] [3(07 0+ 3) + (L= a") (05,0 — 07 ,-1)] }
Wy = Ay{ﬁu—l(@(@ig‘l —3) 3001, = DO+ 3) [Prs(@) = prja (@) }

= 3] U= (5 = 01,00~ ]+ Vs [ = G+ 60,0000, — 37

+ Ul,j [(% - 9%,;’—1)(9%,3'—1 - %)(‘91114'—1 + %)}

+%A@+%mwa4—aw34+@ﬁ.

By combining the above equations we get (ignoring the higher order terms (031’73471 —

93,;‘-1)Ay )

1
/Wyxigda R ZAxAy{
S

5

—m¢1w&1—§f+@+%;ﬂwnq—éﬂg—%fﬁ

P |+ 00,008, D)+ (08, 0 = 68,0000~ D+ D)

_U2,j71 (% + 9{]’—1)2(911/,]'71 - %)2} + U2,j [(% + 9{]’—1)2(911/,]'71 - %)(911/,]'71 + %)1 }
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Similarly we get the integral along the north edge. So

1
/Wyx’Nda ~ ZAmAy{
N

~

lajw&+&x%—%ﬁ+w%+%ﬂ@—ﬂ@x%+%ﬁ@—ﬂaﬂ

+UMH<%J+52+@+e@x%—%ﬁ@+eﬁf}

+Um<%+%ﬁ%%+%ﬁ@—ﬂ@ﬂ+Uyﬂﬁé+%p%a+%ﬂﬂ}

Along the west edge vV of Ry ;(t,), we consider the function

N Upj_i(z — 1) + fy(y —yi—1)(x —21)(Ur; — U1 -1), (x,y) € Rlli,j
W(x,y) =

Urj(z —31) + 2;(y = 95) (@ = 2)(Urja — Ury),  (2,y) € RY 1,

Then the integral is approximated by
1
/Wz?/w ~ —iAIAy{ULj—l [(% - 934_1)2} +Urin [(% + Qg,j)z}
0

+w$&%ﬂﬁ+%n+@ww@wwﬁ.

We notice that the integrals computed above can be deduced from the general forms of
these integrals made on interior cells by applying the idea of the ghost points (i.e. by
applying the equality Uy ; = U; ;). We will apply this idea for the remaining boundaries
of the domain €. Also, we should take care of the corners. For example we have

U1 =Uy1 = Uy = Uyp on the lower left corner.

3.2 Mass preserving property

In this section we show that in absence of the source terms the scheme (3.37) is mass
preserving under the assumption that all values at the grid points are non-negative. It

is clear that the locally conservative form of the scheme leads to telescoping sums. Also,
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since the boundary conditions are homogeneous Neumann conditions we can apply the
idea of the ghost points. For example, when ¢ = 1, we have Uy; = U;; , 1 < j < M.
The same thing goes for the other boundaries of the domain 2. Saying differently, if we

e 1,57

and o,U"; = U}, — U]

% 2,77

0 <i,j <M, then o,Ug; = 0,.Up; =
0yUiy = 0yUi'nr = 0.

Lemma 3.1: If {U]""'} is the solution of the scheme (3.37), given the data {U}"; }}

i,j=1>
then
M M
S ut=>"uy. (3.39)
ij=1 ij=1

Remark 3.4: Since g—:; =0 on 9Q, then fori,j € {0,1,..., M}, 657+ = 657" =
000" =00y = 0. Therefore, agt' = Aptt = ayf} = Ayl =0t = BIST =00 =
BZ]\L/[l =0 and ,hence,

F(;,J@H _ Fmﬂ _ Fom?}nﬂ _ FJ@TI _ E-%nﬂ _ Eyﬂr/}-&-l _ Fi%nﬂ _ Fgﬁﬂ _0.

Proof: In the following we will sum the left hand side of the scheme (3.37) whereas

the terms of the right hand side will be summed in the same way. The sum of the left

hand side is given by

M
1+l | 1 z,n+1 ~z,n+1 y,n+1 ~ynt+1ll kAT n+tly _ K AY n+1
> |:64Ii,j g 8w Ol 3wl Ol = AT UMY - AU}

ij=1

1 n+1l _ ryn+l n+l _ prn+l _ Kk_At _,zntl ~x,n+1
+a{ L - S+ HES - H ) — Sl el el )

_ k_At _ o yntl | ~yntl
St — Wl }1

M M
— 1 gn+l | 1 z,n+1 ~x,n+1 y,n+1 ~y,n+1
= E : sali; T3 52{3%,]- +o7T 3wl T )
2,7=1 1,7=1

M M
— Y (ATAUT AU Y + 3 Y - Y -

J

i,j=1 hj=1
M M
Kk _At _zntl ~rn+l kAt o yn+l ~y,n+1
8 (Ay)? E { Wi j + Wi j } 8 (Ax)? z : { Wi + Wi }
ij=1 1,j=1

(3.40)



74

We will sum the flux terms first and leave the mass terms to the end. Therefore, we have

M
T n+1 z,n+1 T n+1 rr,n+1 r,n+1
E :W E :(FM - FO T F4 )
i,j=1 t,j=1

It is clear that the above sum is a telescoping sum. So, by summing over i first we get

M
T n+1 z,n+1 T n+1 r,n+1 r,n+1
E:W =D (Fut = Fy o B = B,
t,j=1 Jj=1

: 1 1 _ pantl 1
Since Fy;'; i Fg”’]w“ = FJQ\C/;J“ Fx =0, then

M

rn+l
g W =0.

i,j=1

Similarly, we get that

M M
~T n+1 z,n+1 z,n+1 xr,n+1 r,n+1
E:W,j E (F,J1 —F- —1,j— 1+Fg+1 F1]+1)
3,j=1 i,j:l
:En—l—l x,n+1 rr,n+1 r,n+1ly
- Mj 1 +0,5-1 + FM]—‘,—I FO,j-‘rl ) = 0.

The sum of the fluxes in the y-direction will be the same. Next we compute the sum of

the corner fluxes which is given by

,j—1

Z {Hn+1 HZnJrl Hn L Z {Hn+1 n{rl + HJT\ZF;_I _ Hn+11}

1,5=1

By the same argument, we have H}/' = Hi't' = Hyt | = H ! = 0. So,

Z {Hn+1 _'_HnJrl Hn )= 0.

1,5=1

Therefore, we have

M M
1 z : {3wx n+1 + (I}I n+1 + 3wy n+1 + (D%TH_I} _ K At z : { . wz,n+1 + (Dx n—l—l}
7] i,J 8 2 0,

7] l?] 7]
,5=1 i,j=1

M
. %(AA;)Q Z { - w23n+1 merl} +1 Z {HnJrl HZn]+11 Hn )= 0.

,j=1 i,j=1
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Hence, the right hand side of (3.40) will be given by

M M
siliy = 45 D (AT AU + AL{UT)
1,7=1 2,7=1
M
_ Z 1l /-@ At S2UML £ 652U + S
64 1,] (Ax)2 x>~ i,5—1 1] z¥i,j5+1
1,j=1 zj:l
At 52 Un+1 652 Un+1 52 Un+1
+(Ay) Yy~ i— 1]+ Yy i,g + y~i+1,5

Computing the first sum in the above brackets gives

M M
Z 53’U'L'7,ljt11 - Z (Uzn—"ilj 1 2Un+11 + U’Ln:ilj 1)
2,7=1 2,7=1
M
= Z [(UZL—JEIJ 1 Uzn;_ll) (Uz‘Tfj 1 Uzn;rll)]
ij=1
M
= Z [(UZTEIJ 1 Uznj+11) (Uzn;l1 Uﬁ?j—ﬁ]
ij=1
M
= Z [(U}\Z}Lj—l - UJT\Z/F,L]‘IA) - (Uln,;rll - Ug)zjll)}
j=1
M
- Z [9:U351 = 0:U55%5 ] = 0,
j=1

Therefore, it is easy to see that

LRYANN’ A
Z ((A:z;) {52Un+11 + 6(5925Uzn;r1 + (5§Uf;f1} + By {(52Un+1 i 6(512/UZ"3+1 4 (52Uz7f113}>

=0.

i,j=1

Hence, the remaining sum is

Z 6141—n+1 _ %{

t,j=1 J

M
2 [
M

M=
M:

{ UMt + 60U + U 1)]
1 1=1

(6U7Y + 36U + GUﬁJﬁb)}

.
—_

\\M:

=1

2

=1

.

W:

I
—

(U740 +6U 4 + Uﬁkl,j+1)1 }

7



76

We will simplify the first sum in the above equation whereas the argument for the other

two sums will be the same. So we have

| )

M

2.

=1

M
E : n+1
U+1 ,J—1

J=1

lj . 4 6Un+1

M M-

— Z Ugthy + Z U 4 62 UNt + Ut + Z
j=1 L i=1 i=2
M M

= Z <U]7\L/[—~:&-11,j—1 + Z Uzn;rll) + 62 Uzn—+11; + ( (?;rll

n+1
M,j—1

n+1
1,7—1

Z ”*1)+6Z U (

(v

Un+1

3,7—1

|

o)
o)

M

S ISR SELIES S
=1 - i=1
’ M M

:82 U:f—ll

Therefore, we get

M M
> % DD N

n+1 __
]w -

Un+1

n+1
2,7—1 Uz ,j+1

|

ij=1 j=1 i=1 j=1 i=1 j=1 i=1
M M
1 n+1 n+1 n+1
_ az [SZU” 1+482Um- +8Z ”H}

M
-y
ij=1
Hence, we conclude that
M
Su=3oun :
i,j=1 t,j=1

3.3 Stability

In this section, the stability of the scheme (3.37) will be discussed. We will follow
the same argument made in Section 2.5. First, the stability of the unperturbed scheme

is discussed, then we move to show the stability of the perturbed scheme (3.37).
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3.3.1 Stability of the unperturbed scheme (Vv = 0)

The constant matrices of the scheme have a special form of construction known as
Kronecker product. Therefore, in the following we introduce this product and use some
of its properties.

Definition 3.1: If L is an m x n matrix and U is a p X ¢ matrix, then the Kronecker

product L ® U is the mp x ng block matrix

h1WU LU
LU=
LU LU
Let
(1 1 ] -7 1 ]
-1 2 -1 1 6 1
A= : B = (3.41)
-1 2 -1 1 6 1
i -1 1 i L7

be M x M matrices. Assuming that Az = Ay, the unperturbed scheme is written in the

matrix form as

[6i4E b (A AU = [6i4
where
7B B ]
B 6B B
E = BB = : A,

B 6B B

B 17B]

1

E——r,

16

B®A

(A, +4y)U" (3.42)
74 A ]
A 6A A

A 64 A
i A TA]
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and
-B B

B -2B B

B -2B B

are M? x M? matrices. In order to find the eigenvalues of the above matrices and ,hence,
study the stability of the scheme we need the following theorems.

Theorem 3.1: Let U € R™", L € RP*? C' € R"™* and D € R™'. Then
U®L(C®D)=UC®LD (cR™*)

Proof: This is clear from the following calculation

UHL Ce ulnL CHD e ClsD
(U® L)(C ® D) =
Ut L oo UppL | D ... cpsD
Z ulkcleD e Z ulkaSLD
k=1 k=1
Z umkcleD Ce Z U,kakSLD
| k=1 k=1 .
=UC®LD 0O

Theorem 3.2. Let U, L € RM*M have eigenvalues Ny, jy, for k.1 € {0,1,..., M — 1}

respectively. Then the M? eigenvalues of U ® L are given by

)\1[1,1, ceny )\LMM, )\g,ul, ...,)\Q[I,M, PN )\M,UM

Moreover, if Xy, is a right eigenvector of U corresponding to Ay and Y] is a right eigen-
vector of L corresponding to p;, then X ® Y, € RM* s a right eigenvector of U @ L

corresponding to A .
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Proof: Let X be a right eigenvector of U corresponding to A; and Y; a right eigen-

vector of L corresponding to p; ,then

UeL)(Xpy®Y)=UX,® LY,

= M Xi @ Y = N (Xy @ Y)). O

Lemma 3.2: The scheme 3.42 is unconditionally stable (i.e. for any 7).

Proof:

Recall that the matrices A and B defined in (3.41) (c.f. Appendix A) have the eigenvalues

e = 2(1 — cos(EmY),

M

=6+ 2COS(%),

respectively with associated eigenvectors

k

vk = [cos (U2

M )nggM’

k=0,1,.., M — 1.
Therefore, by Theorem 3.2 the eigenvalues of the matrices £, A, and A, are given by

pp = [6 4 2 cos(55)] [6 + 2 cos(L2)],
)],

)]

g5

ph = 2[6 + 2 cos(E2)] [1 — cos(

By

Arpu = 2[1 — cos(E2)] [6 + 2 cos(

ey

respectively with associated eigenvectors v* ® v!, k,1 = 0,1,....M — 1. Hence, the eigen-

values of the matrix (5 E + er.(A, + A,)) are given by

6i4uk,ul + %rﬁ(ukAl + Apti) = 6%1 {36 + 12[COS(M”) + COS(M”)] + 4008(%) COS(%):|

~

+ 1, {12 — 4(cos(T) + cos(&2) + cos(4T) COS(ﬁ))]

+
—
N
|
|
<
B
N
(@)
O
n
—
SE
SN—
(@)
)
n
—~
By
SN—
_.I_
N
=
2
o
o~
I

0,1,....,M —1.
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It is not hard to see that these eigenvalues satisfy the inequalities

1 1 16 +2(55 — 37) + (35 — 37%) + 37, re >3
ST () = & 2 — 1)+ (- dn) + Loy, <3,
2 —2(2 —3r) — (15 — 37w) + 374, re <3

—_
=
=
\

=9 f+2n, <, <
% + 31, Ty < é
i.e non of these eigenvalues equals zero. Hence the matrix (g E + 157e(As + A4y)) is
invertible and the solution U™™! of the scheme (3.42) is well defined.
For convenience of notation we set

1 1 1 1
Q0—6—4E+1 re(Az + Ay), Ql—@E—lﬁ w(Ay + Ay).

Let X¥ = v ® v! be an eigenvector of @y and @ corresponding to the eigenvalues
(a5 keiu F 167 (prA + Axpu)], then

010, XM — stk — 167w (AL + Arp)
° it + 367k (A + Aefir)

Therefore, the eigenvalues of the iteration matrix Q;'Q; are given by

sttt — 157 (A + Nt
itk + 157w (A + k)

Since
64Mkm Te(prdn+ Aen) |
STk + e (e + M) | T
for any r, = (“A§2 then the scheme (3.42) is unconditionally stable. U

3.3.2 Stability of the perturbed scheme (Vv # 0)

Using the same notation defined above, the scheme (3.37) has the following matrix

form

1
[QO 4= Hn+1 (Ferl + FZ+1) =

32 8

1 1 1
— “H"+ —(Fy+Fy) — <cre(Dy + D) |U",

7GK(DQTCLJrl 4 D;l+1)] Un+1
(3.43)
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where

H™ = [H = HP + H - HP ], H' = [Hy = HY+ Hy o — HY ]
2 = ™ oy Fir = [ty + o1
o ] Fr= foty a2y

Dyt = [ -+ Nf}"ﬂ’ Dy =[-wj + @],

Dyt = [ =t @t Dy = [—wii +af]],

are M? x M? matrices.

Lemma 3.3: Assuming Az and Ay are fixed, then the scheme 3.43 is conditionally
stable.

Proof:

Notice that the left hand matrix of the scheme (3.43) can be written as

Mn+1 QO I+Qo [ Hn+1 32<F;L+1_|_Fz+1> _ gTH(D:+1+DZ+1)} )
We set
1 1
n+1 QO [ Hn+1+ 32(F7‘L+1+Fn+1) 8TR(DZ+1+DZ+1)]7
n -1 1 1 n n
Qy = Q; [gH e+ 1y) = gre(D2 + D).

If ||Q57!] < 1 as we show in the following, then the matrix (I + Q4™") is invertible and
hence M™*! is invertible.

For clarity purpose we rewrite the following definition

Az©7 L Vil + V|, o Ve + Vi
I AV I o — $(AD?[VEHT | NN E
AyO7; Viig + [V g Vitlig + [V
where
Vi = A — Wi = Vi + Vi — Vil
n 1 n n n n
Vg = A_y[‘/z’,j—&-l = Vi + Vi — Vi)

n 1 n n n n
[ny]i,j = M[V;—H,j-i-l - Vi+1g V;]-i- V;g]
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Assuming [V"],;, [V:"];, and [V

o § ;,; are uniformly bounded and let a, 8 and 7 be their

y]

bounds respectively i.e
Vi is] < o, V5] < 8, Vel <7,

then, for fixed Az and Ay we obtain the estimates

z,n+1 1 At n (At)Q n n V20
05 < g g 07T+ 102 |+ 5 IV el [ 07570ea] + 109 s
1At 1(A
Sont i A P
11 1 At
< S — At
vk
11 1At0
< | =—— < <
_{2Ax N yﬁ]At K, At < K, At
for some Aty > At where
11 1At0
K, = "
paen 12|

Similarly, we get |@?f+1| < K,At for all i, j where

11 1 Aty
K,=|-—B+-— ,
Y [2Awﬁ+ a:’m}

Now we can use the above estimates to seek the norms of the left hand matrices of the
scheme (3.43). We assume that min{ K, K, } Aty < 3. Notice that |a; ;| + |4, ;| = 2|OF;
and |b; ;| + |B; | = 2|0},|. Hence we obtain ( we omit the super scripts n + 1 of the

entries)
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™ oo <lai;llbigl + 1Al lbica 5] + lai || Bija| + A1l Bica il 4 laijl|bio]
+ lai—1,j-1|[Bi-1 1] + [Aijl|bij| + |Aij1|[Bij1] + lai-1j-1]|bi=1,5-1]
+ A j-lbijoa| + laij—a[lbij-1] + [Aim1j-al[bic1 o] + [ai-5]| Bie,4
+ [Aij||Bijl + laijl|Bijl + [Aim1,i||Bi-1]

= (Jaii| + [Ai ) (1bij] + |Bijl) + (laim1| + | Aic1;]) (Jbic1j| 4 |Bic1])

+ -

(‘aw 1|+’Aw 1|)(‘bu 1|+’Bw 1|)
(Jaiz1j—1] + [Aicrj—1]) (Jbicrj—1| + | Bi1j-1)
= (

2167,1)(2107;1) + (21671 ;D (2107 41) + (21671 (2167 .1])

+(2167-1,;.11)(216071 511)

< 16K, K,(At)*
Also, the 1-norm ||H" ||, is bounded above by

IH™ M1 < 4[laijl|bi| + |aij—1||Bij-1] + [Aim1l[bic1;] + [Aimyj—1||Bic1j-1]
< 16(KHM AL+ (KAL) (K A+ (KT AL)?)

< 16K, (1 + K, At) K, (1 + K,Aty) At
For simplicity, we set
I (K,) = K. (1 + K, Aty) and I'y(K,) =K, (1+ K,Atp).

Therefore,

| H" ), < \/HH"HH1”HnHHoo < 16(At)2\/KxKny(Kx)Fy(Ky)-

Next we estimate the norm of the matrix £, The upper bound of the sup-norm
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is given by

15 oo <8[(ais] + [Ais]) + (aizis] + [Airg]) + (Jaii] +[Aij-al)
+ (|aicy ja] 4+ (A1)
+ (lai| + 1Aig]) + (laim1s] + [Aima ) + (Jaig-—1] + [Ai )
+ (lai—1g-1] + [Aim1,5-1])
= d[(Jai ;] +[Ais]) + (i1 ]+ [Aia ) + (i) + A ])
+ (Jair ]+ [Ai ;- ])]
= 8[’@?,3“ + 1071 ;1 + 167, 4 + |@f—1,j—1|]

< 32K, At.
However, the 1-norm ||F ™|, is bounded above by
1F e < 8laigl + laija| + 1Al + [Aicy ] < 32(K.AL + (K, At)?).
Then

1FH o < 32At/ K, T.(K,).

The norm of D"*! will be given as follows

1D Moo <2[lais] + [Asj| + laij1| + [Aij1| + laiz1;| + [Aim1j] + laim1j-a] + [Aim1 1]
:4“@ij| + |@f,j71| + ’@ffl,j’ + ’®z‘xfl,j71’]

< 16K, At
Similarly, we have
1Dl <4flaig) + lasia] + [Aia;] + [Aimr ] < 16(K At + (K, A)?).
Therefore,

D | < 16At/ K, T, (K,).

By the same argument, we get
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1F5 2 < 3288/ KTy (),
1D+, < 16At/K, T, (K,).

It is clear that [|Qy" |2 = [min{1, 1 + 2r,, £ + 3r,}]~". To simplify the notation, we set

Pr =V erx(Km)v
Py =/ K,y (Ky).
Combining all of the above, we get that

1Q5 ™ M2 < 11Q0 ™ ll2 | 55 IFE o+ IF 5T o] + SIHE™ 2 + gri [1DF 2 + 1105 l2]

< Atlps +oy) + 2(At) 20,0y + 2r At (pr + @)
- min{1, § + 2r., g + 3r,}

_ At [, + @y + 20000, + 27 (02 + )]

- min{1, § + 2r., § + 3r.} '

(3.44)
Bounding the right hand side of the above inequality by 1 gives that
min{1, : +2r.,1 + 3r,
At < in{l, 8 ) :
[P + 0y + 20ty + 21 (02 + 9y)]
Under this restriction we get ||Q57||, < CAt < 1 where
C, . [pr + Py + 2At090ac90y + QTH(W:B + pr”
= : 1 1 :
min{1, ; + 2r., g + 3.}
Hence, the Neumann series
T+ Q)™ =T =+ (-Qs*)%. = Y (-3
k=0
is convergent. Therefore,
- 1 195 2 CAt
’ 1[5 1= Q3" Iz 1 - CAty

where C] = . By the same argument we get the estimate of the norm of @)}, i.e

¢
176’At0
Q3. < CAL.
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Notice that the iteration matrix of the scheme (3.43) is given by

1 1 1
M= (I+ Q) 7'Qu [Qu + GH™ + 5P+ ) = 5rel D3 + D)

= ([ +@Q5") '@y Qi + Q3.
So, we have
M 2 < (T + Q5™ )2 [[1Q0 ' Qull2 + Q5 Il2]

< (14 C1AH) (1 4+ CAL) < 1+ (Cy + C)At + C,Co(AL)?

<14 (Cy +C 4 C,CAt)) At = 1 + C,At

where Cy = C + C + C,CyAty. Then, for T and N to be the final time and total time

steps (i.e. At = %) respectively, we get by iteration
[U™ |2 < (14 CoAt)"[[Upll2 < (1+ Crig) M [[Uslla < e[ Up]l-

Therefore, the scheme (3.43) is conditionally stable. O

3.4 Consistency

In this section we are going to discuss the consistency of the scheme. Let u(zx,y,t) be
a smooth solution of (3.1) and let u}; = u(Z;, Jj, t,) denotes its values at the space-time

nodal points (Z;,y;,t,). The local truncation error T ! is defined by

1
Ty = E{(i_l‘l 0 = 1) = ge (AT + AL + AT {u") + A {u"}]
35 (B @ 4 Bl T - B - a - swl) — a]

_‘_%[Hn-i-l Hn—i—l Hn+1 Hz'nj_l%jfl _Hiilj—{_Hin—l Hn 1—|—H Y i 1}

%, 11] 2,j—1

kAt zr,n+1 ~x,n+1 x,n ~x,n
—Sagrl Wi e el - o
Kk _At y,n+1 yn-l—l yn _ ~y,n
8 (Ax)? [ wu +w + Wi j Wij ]

(3.45)
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Lemma 3.4: The scheme 3.37 is of second order in both time and space.

Remark 3.5 All the functions and derivatives in the following expansions are eval-
uated at the point (T;, y;,tn).

Proof:
We are writing At = vh and Az = Ay = h. By expanding about the point (Z;,y;,t,)

we get
IY = (uiy g + 6w g ) +6(ug +6u; +ul g ;)
+ (U gy 06Ul Uy ) (3.46)
= 64u” + 8h° (ull, + ul,) + O(h?).
Also we notice that I = I + (vh) (1) + 5 (Vh)2(I)u + §(vh)* (17 ) + O((vh)*).

Hence

(IZ,L]H - IZ]) = U? + %(Vh)utt 1h2( za:t + U’yyt) %(Vh) uttt + O(h3) + O((Vh)3)
(3.47)

64(vh)

Similarly, we have

16(th ( {un} + A {un}) - 16h2 8h2(u + u ) + h4(%( Uggpy T uZyyy) + 2ugwyy)

and

16(vh (AL T ALY = g (807 (i, ) B (G (U + i) 200,

+ 8(vR)R? (ulty, + ult) + AR () (Ul + ulye)
+ %h2(Vh>3( xacttt + uyyttt) + O(h6) .

(3.49)
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In the following we are writing the Taylor expansion of the flux terms. For convenience

we set
CP = —a}y;+al;— Ay + A}, CP=—aly;  +a};_ — A}, + A,
Cy = aznfl,j + A?,ja NS = a?fl,jfl + A?,jfla
Cy = a?,m + AZ]-, é;} =—a; 49+ A;Ljfl
Then
Fzmgn - Ff—?g = _a?—l,ju?—l,j + (a?,j - A?—l,j)u?,j + A?,j“?+1,j

(3.50)
= CTu" + Cyhu, + %C’;thu;‘m + %C’Qh?)umx + O(hY).
In the next expansion we used the previous one considered as a function at the point

(Zi,Yj—1,t,) and then expand it about the point (Z;, y;, t,).

T,n z,n _ n n n n n n n
Fz‘,j—1 - Fi—l,j—l ==y Uiy T (ai,jfl - Aifl,jfl)ui,jfl + Ai,jfluiJrl,jfl

= O™ + h[Cyul} — Cyul] + $h°[Cyul, — 2C5ul, + Crup,]  (3.51)

+ i[Oyl — 3C5ul,, + 3C5ul,, — CTull, 1+ O(hY).

Similarly, we get

[T,n [T, n n n n n n
Fi,j - Fi—l,j = =y j Uiy T (ai,jfl - Aiﬂ,jﬂ)”i,j + Ai,j—luiﬂ,j

= Ciu" + hCyuy + §h*Cyul, + h*Coul,, + O(hY),

Txrxr

(3.52)
and
[T,1 rx,n _ n n n n n n ,n
Fz',j+1 - Fz‘—l,j+1 = =0 Uy T (a’i,j - Aifl,j)ui,j#l + Ai,jui+1,j+1

= C{u" + h(Cyul + Cul) + £h? {Cg‘uggg + QC’Q"UZZ/} + in° [ Sult, + 3C5ul,, | + O(hY).

(3.53)
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At time t,,1 we have the following expansions

FrEmtt — ot = —ap ol 4 (!t — AP+ AT
= P o B[O+ v O]

+ 1n? [Cglﬂugx + V20T + QVC;LHugt]

_'_

h [ Cerl nooy y0n+1 Zz‘t + VQCnJrl Ugyy + 1I/3Cn+1U?tt} + O(h4)7

1
2 Ugra

(3.54)

z,n+1 T ,n+ n+1 n+1 n+1 n+ n+1 n+l , n+l
Fzg I 1j— 1 ==y Wiy T (a’i,j—l A 1g pu Ui -1 +A j—1Wit1,5-1
— C{L+1un 4 h[cgwrlun CnJrl( — vul )]

+ h |: [Cn—i-l n Crn—H( _ %Vug)] %[Cm—&-l n 20n+1un + C«n-i—l Zy]}
+ Qh‘ |i [Cn+1 Uprt — 20n+1 xyt Cm+1 yyt] +v [Cm+1 Uy Cn+1 ytt]
- é?ﬂuyyy + Vgé?ﬂugt]}

%[Cm+1 n Cerl n +30n+1 n

U zyy

(3.55)

I 1 1
F‘z,'nJr Fxn+ - n+1 n+1 +(an+1 n+1 ) n+1+An+11un+1

1,7 — _az—lj luz—lj i,j—1  “ti—1,j—1 i+1,5

=T 4+ b {ég“ug + I/CN’?Huf]
+ 1 {C‘gﬂu;x + 207 g, + 2yé§+lugt]
+3h° [UCMH vo T VO + 3Oy, + 505 } +O(hY),

(3.56)
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and
rr,n+1 rxn+1l n+1 n+1 n+l n+1 n+1 n+1 n+&
Fz;+1 - F- —144+1 = T 1y1,1]+1+( — A" 13) 2]+1+A Ujt1 541
— Cn+1 n + h|:0n+1 n + ch—l—l n:|
172 n+1, n n+1l, n n+1, n n+1, n
+5h [Cg Uy, + 2057 uy, + vOT ™ uy + 2003 uwt] (3.57)

—l—%h |: (Cn+1 n t+20n+1 a:yt) 2C«n+1 ntt+ L, Oluttt

$

+ 3cn+1 n

1 n+1 n n+1 n
+ 5(C5 + 3C% U

4
)| + o)
Then, the addition of (3.50) and (3.52) gives

Wit = F = FO 4 = B2 = (CF + CP)u" + h(C + C)u

+ 110%(C5 + Ol + $h3(Cy + C3)ul,, + O(h?).
(3.58)
Similarly, adding (3.51) and (3.53) leads to
;i szjnl Fﬁq,j—l + ngil Fx 71L;+1
= (C7 +CM)u™ + h {(o; + Cyu + (O — C‘?)ug]
(3.59)

+ 1h? {(cg; + Pl +2(Cy — Cyyult, + C’{lugy}

TTX xyy 1 yyy

+ £h? {(C;l + Cul,, +3(Cy — CY)ully, + 3C3ul,, — CTul ] + (h%).

From the equations (3.58) and (3.59) we get
3wl + @ = 4(CY + CPu" + h l4(0§ + Ol + (C — C’f)u’;}
+ 1R [4(0;} + CHul, +2(Cy — Cpyul, + é?uzy}

TTe zyy yyy

+in? {4(0; + O, +3(Cy — Chyul,, + 3Cul,, — Crul } + O(hY).
(3.60)

Similarly, we have
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S
= 4(CTHY 4 Oy
+h [4 (C5 4+ Cy g + (CFF = O u + v (G + O yuy
[ CnH C’g“)ugt + 3<C{L+1 - é?ﬂ)u;}t}
n

s[aCstt + Gyt Yy, + 2(C5 T = Cy g, + Ol

yy

+ 42 (CF + O ug]
+1p? {y [A(CyTt + Cyhyul,, + 2(Cy ™ — Cythl, + Oyl
V[A(CET + Cythuly, + 3(CPH = Ot hul, | + $34(CP 4+ OFH ul,
+ LA(C3 + Oyl + 3(C T = O g, + 3Gy, — CPt |
+ O(RY).

(3.61)

Since the coefficients in the above equations involve 9 ’” and @y’ we are writing the
expansions of these terms. For clarity purpose, we repeat the definition of ©7;" and 0}

here. ©;" and ©7;" were defined in (3.11) by

—
<

x,m ~ 1n ~ 1n v ~ n ~ 1n ~ n
@i,j = _ZE{[%]Z,] + [Uac] jl} + %E[Uﬂcy]i,j{[vy]i,j + [Uy]i,jl}a

~m _,n _.n n _on ~m _,n _.m n _.n
[O2]i; = Vit — Vi F VN 1 — Vgt [0,]1; = vl — Uiy 08— Vit

~ n _.n n n n
[U:cy]i,j = Vig1j41 ~ Vig1; T Vi — Vijir-
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Define vf'; = v(Zi, §j,tn), then

VP U = Z ”hm + O(hPHY),

am
where (07'v)}; = a_v<~fi7gjatn)u and
), xm

iozl

10 = —1

p (_1>m+1 .
v&-—vﬁqd==—%vﬁad—-%z>==§:-—7gr—%8?vxzhm-+Cth ).
m=1
Hence
P \m+l vt — Ut
1 )
WP oy + oy = § 9 T
m=t Vi T Vit
By setting

o p m—1 jg (Z-O)m—k—l—l ) . .
Eirfj(ZOaJO) = |: _'—(m — k)' (8y8;”_ U)i,j h'™ + O(hp-i— ),
s :

we have

n n o —_
Vi1~ Vigs Go=1

En (’io, 0) -

n .
ij — Vi—150 0

We set [07]: (%0, Jo) = E7;(i0, 0) + EF;(d0, jo). By setting
e (io, Jjo) = E;';(i0,0) + E7';(do, Jo),

we can write the expansion at time ¢, ., as

=1

0 = _1717 jO =

CR ai,f(z'o,jo):i“0)"1“{7_:(@'0)1(7) [(Wl)z,g

The mix derivatives are given by

B io) = 32 o [ 10 (7 o o+ 00,

m=2 k=1

~1,0,1
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and

[6xy}2;1(i07j0)

LB Bl (7 Yo

k=1

+ O(h**t)
Using the above expansions we get

+1(

[0]3; (G0, Jo) + [0]37 " (i0, Jo)

= 4} + 2h* (igul), + joul, + VL)
1]13(4%m + 610 JoVsyy + 60Uy, + 6iovvy,, + 6jorvy,, + 61 2 )

+ 577 (1040] 1+ 8J0Vhmy + 810Uy + 8J0Vnyyy + 8V V1 hes + 12i0J00 0]y,

TZYY TYYY

+ 12007, + 126000}, + 12ig0% 0], + 8V%0p,, ) + O(h),
and

[0y]3;(io, Jo) + [0y]7F (G0, Jo)
= 4dhv; + 2h2(i0v;‘y + Jovy, + vug,)

+ $h* (4], + Gigjovl,, + 6ul,, + Gigrup, + 6jovug,, + 6U7°0f,)

+ ih4(zo4v + 8J0Vnnay T 80Uy, T 8J0Vayyy + V04, + 1210J01 V1,

yyyy TTYY TYyY

+ 12007, + 12igv%vp,, + 12igv%v),, + 8v%up,,) + O(R°).
Also, we have

[0ay 7 (G0, o) = h%” 1h3(3zovmy + 3JjoUny,) + O(h*),

[ﬁxy]ﬁl(io,jo) = hQU” + 1h3(320vmy + 3jovy,, + 6vuL,,) + O(h*).

Yy

Hence the expansions of ©7" are given as follows
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or7 =~ {01 + B 0D b+ ol 0Bl + )

x,n v ~ n ~ n
o, =~ {1 + L)

z,n V)i o™
i1 = _Allﬁ{[vx]i,j<17 —1) + [5]3 (1, _1)}

0111 =~y (10 + Bk,
3 (-1, —1>{[@y1zj<—1, —) i (=, ‘”}'

Analogously, we can write the expansions of ©7;’s.

We now expand the constants in terms of the nodal values of v(z,y,t,). So, we have

Cr =2(67 — 67" ;) = —2whv}, — vh*[v},, + vy, ]

i—1,75 Ty

371,, n 1., n 1.2 n 1.3, n 1.2 n 2, n ,n 2, n,n 4
—h [El/vrmc + 3V Vsayy + oV Vigny + 9V Vitay + 9V Vygq =V UgyUpy — V 'U:cv:r:xy} + O(h )7

M __ z,n z,n _ n 2 n n
1 — 2(®i,j—1 - @i—l,j—l) - _2thx:r —vh [_ Vzwy + Vvtx:r]

371,,,,n 1....n 1.2 n 1.3, n 1.2 n 2,n ,n 2, n,n 4
—h [Eyvzxw+ 3VVppyy — 3V Utzxy+ bl vttzy+ 9V Vyge =V VUgyUpye — V vzvxwy} +O(h )7

Cy = (07 + 071 ;) + (67])° — (6711;)* = —2wvy + vh[ — v}, — vvp, — 207vg, ]

n 1,2 n 1.3, .n 2. n

271 n 1 2, n,n n n
—h [gyvxa:x + VU + oV Uiy + gV Vyy — VU Upy — VU, (Uxxy + Utx:l:)

— V%ﬁm(v;‘y + VUZC)] + O(Rh?),

Cy = (07711 + 0771 ;1) + (O7711)" — (67 ;1) = —2vv + vh[vy, — vup, + 2030, ]

2,] 7‘7.77]-
271 n 1 n 1.2 n 1.3 n 2, n,n 2, n n n
—h [gyvxzx + §Vvacyy - 5” Utacy + 5” Utty -V Uacvmy -V Um(_vzzy + Utx:v)

- Vz’U;Lx(—’UZy + vax)] + O(h'3>7
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Cy = 2(vvy)* + hvog, + v2op(vf, +vop,)] + O(R?),
Cr =2(™)? + h[vvy, + v2or(=v, + vop)] + O(h?).
By subtracting (3.60) from (3.61) we get
Bl QP = 3wl — ! = A(CTT 4+ O = O = O
+h [4(0;“ + Oyt — O — Oyl + (O — Ot — O + éf)ug]
+ 4vh(CTHY 4 CMH YU 4 b2 {4(0;“ + Co gy + 3(C7F — C‘f‘“)uzt]
+1p? [4(0;}“ + Oy = O — Cpyul, +2(C3 T = Gyt — Oy + Cpult, + (O — C‘f)uzy}
+ 1up? {4(0;“ + Cpthul,, +2(Cy = Oyl + Cp yyt}
+ 2(vh)* (O 4 Cr Yl + 1V2h3[ (Cotl 4 Oy, + 3(CPHt — OP ytt}
+gh? {4(05‘“ + Oyt = Oy = G, + 3(C5T = Gy = O + O,

+3(Ctt — Cyur

Yy

(G | + AP 4 Ol + OB,
(3.62)

The expansion of the first brackets in the above equation is given by
40 4 O — O — O

= 4[81/hv + 41/2hzvtm + h3( v+ vayy + ZV?’UQW + 21/21),’;gm) + O(h4)]u”

Similarly, we expand the second brackets in (3.62) to get

h {4(0;“ + Oyt — Oy — Gy + (O = O = CT + CTuy
y

=h {4[8yv§ + 41/2hvfz + h2( (A 21/vxyy + QVSUgy)]u + [4yh2 ny + 21/2h3vtmy] "

+O(hY),
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Next we expand the third brackets that gives
Avh(CTHY 4+ CH Yl = dvh(4vho?, 4 2vh*0T Jul 4+ O(h*)

xrx

= 16(vh)*ufv™, 4+ 8v2h3ulvl  + O(h?).
The expansion of the fourth brackets in (3.62) leads to
vh? |4(C5H + G5 ug, 4+ 3(C1 ! = CF )y,
= vh*[A(4w]} + 20°ho), + O(h?))uf, + 3(21/h21)2xy + O(h?’))ufy}
= 1602 h*u v + 8 hPul of 4+ O(hY).

It is easy to see that the remaining terms in (3.62) are higher order terms. The combi-

nation of these equations gives

1 zr,n+1 ~x,n+l T,n ~m,n}
R G ™ Bwij — Wi
. .n,n n,n 1 n,n n,n n,n n,n
= U Vyy + Uy Uy + §Vh(u Vtza + Uy Uty + Up Ve + utxvx)

2, n(2, n 4,n n ni4d,n n 2, n n,n n,n
+h |:u (EUmcx + 3Vzayy + 2VUttmz) + um(EUmcx + 2Uzyy + 2v Utty) + 4uyvx:py + 8Vut Utz

+ 8 vl ] + O(h?).
(3.63)

The fluxes in the y-direction are expanded in the same way which gives

1 y7n+l ~’y7TL+1 _ y,n _ ~Y,n
o Wl ol 3w — Wi

. .n.n n,.n 1 n,n n,.n n,n n_.n
= u"vy, +uyv, + srh(uog, +ugvy 4+ uivy, + ug o)
n

2, m(2,n 4, n n ni4,n n 2,.n n,n n
+ P [u"(30),, + Sul,,, + 2v0s,) +ul (ol + 200+ 2070 + Aol + Svufup,

+ 8vup vy | + O(h?)
(3.64)

Now we compute the expansion of the fluxes from the diffusion term. These expan-

sions are given by

—wi + Of = h(C] — CPul + 1h* 2(Cy — CF)ul, + Cull, | + O(h?), (3.65)

Y] ]
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and

z,n+1 ~x,n+1
+ .

Wi i\j

n

= WO = Crhyup + L2 | 2(Cp = O hyun, + 2(C3 ™ — Cytun, + O,

+ O(R?).
(3.66)
Subtracting (3.65) from (3.66) to get
o { — WP P i — wf} = #{h(C{”*l — P 4 07 = Cu!

+3h? {zu(cyﬂ — O 4+ CF = CPugy +2(C ™+ = Gy 4+ Oy — Gy ul, + (O + CT )y,

+ O(h3)}
(3.67)

The expansion of the first term in the above equation gives
h[CPH! — OFH + CF — CPup = O(R).
It is easy to see that the remaining terms in (3.67) are higher order terms. Hence

# |i o wx,nJrl + d}x,n+l + W — a]l“,n‘| — O<h3) (368)

(2 2 1,7 (2
Analogously, we have

T { — w,%{’j"“ + @;{’j”“ + Wl — a;;?{’j”} = O(h?). (3.69)

The last expansion will be for the corner fluxes.

n _ ,n hn n n n pn n n : n n o __ z,m
Set D} = a0t + af ;B + Ai,jbi,j + Ai,jBiJ-. Since a;'; + AZ-J- = 2@173- and

Z?] Z?]
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by, + By, = 207", then we can write the sum of the corner fluxes as

+H”

i,j—1

Y, — Y

1—1,7

n
H'
- n n n n n
= (Di,j - Difl,j + Di,jfl - Difl,jfl)u

n y,n n y,n n y,n n y,n n
+2h (Ai,j@i,j - ai—l,j@ifl,j + Ai,j—lgi,jq - ai—l,j—le)ifl,jfﬂux

n z,n n T,mn n z,n n z,n n 2
+ (Bi,j@i,j - bi,j—l@i,j—l + Bi—l,j@i—l,j - bi—l,j—l@z'—l,j—l)uy + O(h )

(3.70)
Similarly, we have

n+1 n+1 n+1 n+1
Hpy" — H7+ Hyy™y — HiT

. n+1 n+1 n+1 n+1 n
= (Di,j - Di—l,j + Dz’,j—l - Di—l,j—l)u

1 n+1 n+1 n+1 n+1 n

+2h §V<Di,j - Difl,j + Di,jfl - Dzel,jq)“t
n+1y,n+1 n+1 y.n+1 n+1 Ay,n+1 n+1 y,n+1 n
+ (Ai,j @ij — ;1,9 + A @i,j—l - ai—l,j—1@ Juy

i—1,5 7 i—1,5 i,j—1 i—1,7—1

n+1oz,n+1 n+l oz,n+1 n+l z,n+l n+1 z,n+1 n 2
+ (B0 =000 + BT = b i—l,j—l)uy:| + O(h?).

(3.71)

The subtraction of the first terms on the right in (3.71)-(3.70) is

(ijl - DZ;’) - (D?—ﬁlg - Dzn—l,j) + (D?j—11 - DZ]'—1> - (D?jll,j—l - D?—l,j—l):| u"

(3.72)
The coefficient can be simplified as

Dift = Diy = aif (07 + BEfY) — ai (07 + Bi) + ARFHOET + B — AL (] + BYY)

n+1y,n+1 n OYn n+1y,n+1 n QYN
2[ai ' OY —al 00 + ATSIONT — AL 0T

= 2f(aly 4 ALTOL — (al + A7)0

z,n+1y,n+1 T,nA\Y,n
4[®Z}j @i,j B ®i7j ®i7j ]
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The product of 7" and O} can be written as

2
x,m s v ~ n ~ mn ~ n ~ n
@m‘ G)Zi/,j - Tlﬁﬁ([vx]i,j + [Ux]ijl)([vy]i,j + [Uy]z‘,;_l)
3
v ~ n ~ n ~ 1n ~ n = n
- %ﬁ[“xy]i,j ([Ux]zg + [Ux]i,;rl)z + ([Uy]i,j + [Uy]i,;rl)Q
A

+ 173 ([Pali )2 (0] + (5D (G7 + B3,

Therefore, we get
ool — el

= S (ol + [l [ (Gl + I+ (B + DY
e | Bali P = Oalty?| | + Bl @ + )
=17 [[Qh%" + B2 (v}, + UL, + vup, )| [16R% (0] + v)) + O(h3)]]
+ Lv l(2uh5v2y) [16h2v;vg + O(h3)}]

= VQhQUQy(v;L + vg) + %I/Sh:g(vgxy + Vg, + V'Ut’;y) + O(h4).
Similarly we obtain the other product terms. Therefore we have

[(D?JH - DZ;’) - (DZZ—JEI] - D?—l,j) + (D?j_—ll - DZj—l) - (D:‘lel,j—l - D?—l,j—l) u
= 8°h*u"l,, (vF +ut) + O(h?).
The subtraction of the second terms on the right in (3.71)-(3.70) is given by

i—1,5 2,7—1

2h{%y(D?j1 — DL 4+ DI — DRty

n+1 y7n+1 n y,n n+1 y7n+1 n y,n
+ {(Am Oi; " — ALOr;) — (a0 —aly ;67 )

n+1 y,n n
+ (Az',j—l@i,j—l - Ai,jfl i,j—1

O11) ~ (O — a0, | (3T

i—1,j—19i—1,-1 — i—14-1 T

i—1,7i—=1,5 i—1,5

n+1nx,n+1 n NT,n n+1 r,n+1 n T,mn
+ |:(Bi,j @i,j - Bi,j(ai,j ) - (b @ - bifl,j )

n+1 z,n n
+ (Bi,j—lgi,j—l - Bi,j—l 4,j—1 i—1,7—1

z,n n+1 z,n+1 n ,n n
o ) — (b; @i—l,j—l - bi—l,j—lgi—l,j—l)} Uy}-
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From the previous argument, we see that

sv(Dt = Dt 4+ D — DRty = O(R?).

i—1,7 7,7—1 i—1,7—1
For the coefficient of u,, we will seek for the order of the first brackets and the remaining

terms are treated in the same way. By ignoring the higher order terms we get

n+1oy,n+l n QYyn __ n+1 n y,n+1 n y,n+1 Y,n
Aiy]' ®i7j B Ai,j@id - (Aivj B Ai,j)@iﬂ' + Ai’j<@i7j B ®i7j )

Q

(o1 —ere + ey (et — ety

.3

v? ~ n ~ 1n ~ 1n 2 ~ m ([~ 1n ~ n 2
~ %ﬁ [ny]i,;rl([vl“]i,j + [Ux]z;rl) + [Uzy}i,j([vy]i,j + [Uy]i,jl) ]

+ g (0alt” = aliy) | (01 + [)55)° = (01 +—[aw]z;1>2}
+ g (Bl + Bal) (Bl = i) (B + ) (015 + 801)

>

=v’h?((v})? + (v])?) + O(h?).
Similarly we get from the coefficient of uy
Brfleyrtt — Bref = vPh? ((ul)® + (v))?) + O(h?).
Combining all of these results, we see that

Z_l’j Zvj_l

2h{%1/(D,Z;T1 — D+ DY — DLy

n+1y,n+1 n QY.n n+l y,n+1 n Y,n
+ {(Am Ol — AL — (a7 ,0; —a ;0] ;)

i—1,7~i—1,5 i

n+l Qyn n yn n+1 y;n+1 n yn n
+ (Az‘,j—1®i,j—1 - Ai,jflgi,j—l) - (%—1,;‘—1 i—1,j—1 — a’z‘l,jl®i—1,j—1>:| Uy

i—1,71—1,7

n+1nx,n+1 n MNT,n n+1 r,n+1 n x,n
+[(Bz’,j Oy — B;0i;) — (b7,0:; — b1 ;07 )

FBLPOT — BL 0T — (5O — 0, 12, )| | = o)

Zvjil Zvjfl 7’7]_1 7‘7j71

Similarly, the other terms in the difference between (3.70) and (3.71) are higher order

terms. Hence

1 —+1 n+1 n+1 n+1 n n n n
—{Hm - HD 4+ - T - Hy - H - Hy o+ H

8(vh) i—1,5 i,j—1 v

} (3.74)

= 8V R, (vF + ) + O(R?).
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Now we combine these results to write the truncation error. The sum of (3.48) and

(3.49) leads to

w1 {0} + ALY AT} + AL {u")]
= (UZZ, + uZy) + %(Vh)(ugxt + uZyt) + %L(Vh)Q(u;l:ctt + uZytt)
+ h2 (%(szm + uZyyy) + zl,Lu;nyy) + O<h3>

(3.75)

By subtracting (3.75) from (3.47) we get

64(11/h) [[znaﬂ - [Zj} ~ 60 [Af,j{unﬂ} + A?,j{“nﬂ} + A7 {u"} + Afy{un}]

= uy — KU, + Uy,) + %(Vh)% [U? — (ug, + ugy)}
+ h? [%(ugxt + uZyt) - %R(uzmx + UZyyy) - %““nyy + VQ(%u;Ltt - zl;’f(“gxtt + UZytt))]
+O(h?).

(3.76)

From the combination of the equations (3.63), (3.64), (3.68), (3.69), (3.74) and (3.76)

we get
n+1l __ n n n ni . .n n n.n n,.n
T = {ut — K(up, +uy,) +u" (v, +uy,) +upvy + uyvy}
+ b 2wl — k(u?, +u) +u (v, 4 o)) F ot ol
2V | Ut xx yy zz T Vyy zVz y Yy

2 ni2,n 4,.n n 2,.n 4,.n n
+h |:U (vaxx + 3Vaayy + 2yvttxa: + 3Vyyy + 3Vpzyy + 2V,Uttyy)

2,n nid, n n 2, n n,n n, n
+ 2075, ) + ug (3vy,, + 205, + 2v7v,) + dupuy, + Svugvg

+ul (30, + 207

3 Yxxz TYY
2, n,n n,n n,n 2, n,n 2, n,n n n 1/,n n
+ 81/ utyvty + 4uyvzxy + 8Vut /Utx:c + 8V utxvtx + 8V u Uxxy(vx + Uy) + §<u:ca:t + uyyt)
1 n n 1 n 2/1, n 1 n n 3
- ﬁﬁ(ua:a::v:c + uyyyy) = g FUgzgyy +v (Euttt - Z'L{’(uzztt + uyytt)) + O(h )

(3.77)

Since the first two brackets are zero being the left hand side of the differential equation,

the scheme (3.37) is of second order. O
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3.5 Comparing the unperturbed scheme with Crank-Nicolson

method

This section is devoted to compare the unperturbed scheme (3.42) (when Vv = 0)
with the Crank-Nicolson method. It is well known that the Crank-Nicolson method is
second order. Also, it is not hard to see that the unperturbed scheme is second order too
(c.f. (3.76)). Both of the methods are implicit and unconditionally stable. To compare

the accuracy, we will apply the two schemes on the heat equation

ug = kKVu + g(l’, Y, t)
ou
— =0, u(x,y,0) =1,

o (z,,0)
where the source term g(z,y,t) is chosen so that the equation has the exact solution

(.T n ) 2t cos(3xm) cos(2y7r)

The local error term of the unperturbed scheme in absence of the source term is given

by

T;,ljJrl = %( mct + uyyt) %ﬁ<u£m§x + uZyyy) 4K/uxxyy + VQ(%u?tt - %H(uzxtt + uZytt))v

where the derivatives are evaluated at the point (Z;,y;,t,) and the increments are Az =

Ay = h and At = vh . However, the C-N method has the local error term

~n+1 __ 1 1.2
Tij = _H[ﬁ(uzxaxw +tu yyyy) + g ( Ugatt + uyytt)}
It is clear that the local error term 7; j+ can be written as
n+1l _ ~n+1 1 n 21, n
T’L’,j =T %,] + 8( xxt + uyyt) 4/€U’J:J:yy +v uttt

Tables (3.1) and (3.2) show that the C-N method is slightly more accurate than the
unperturbed scheme. The induced linear systems in both methods were solved using
conjugate gradient method and the errors U E), were computed at time ¢ = 1 using the

Frobenius norm.
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Table 3.1 Rates of Convergence Using Unperturbed Scheme

k N M UEj UE/UFE}1

1 50 20 &8.87e-02  0.00e+4-00
2 100 40 2.13e-02  4.17e+00
3 200 80 5.26e-03  4.04e+4-00

Table 3.2 Rates of Convergence Using C-N Method

k N M UE, UEy/UEy 11

1 50 20 5.91e-02  0.00e+400
2 100 40 1.42e¢-02  4.16e+00
3 200 80 3.52e-03  4.04e+00
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CHAPTER 4. NUMERICAL EXPERIMENTS

In this chapter, numerical experiments are given to confirm the facts shown ana-
lytically in the previous chapters. All the numerical experiments concerning the 1D
chemotaxis system are given first. The 2D system experiments will be given in the

second section.

4.1 Numerical experiments for the 1D chemotaxis system

4.1.1 Positivity preserving property

To confirm the positivity preserving property of the scheme (2.20), we applied the

method on the equation

Uy + (V1) = 0.6Uyy,

uz(0,t) = u,(1,¢t) =0

with a function v(z, t) known in advance. We choose different cases so that we can cover

many situations. In the sense of chemotaxis, the population density u(z,t) is expected

to leave the low concentration area toward the area where there is a high concentration

of chemotactant v(x,t). We used this fact in our experiments. In these experiments, the

total time steps (N = 40000), space steps (M =40) and final time (T = 100) were used.
Case 1: Mass moving away from the centre

Let v(x,t) be given by

v(x,t) = 2(=1+ ;5 + cos(Z5x(x — 1)m)).
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It is clear that v(z,t) satisfies the conditions: v,(0,t) = v,(1,t) = v(z,0) = 0. Also, it

converges to the steady state
v(x) = 2cos(2z(x — 1)m).

In this case, the concentration of the chemotactant moves toward the boundaries of
the domain and as a consequence the population density is moving away from the centre.

Figure 4.1 and 4.2, in which we used initial condition u(z,0) = 1, show this phenomenon.

Approximate U W function

0.5 1 o 0.5 1

Figure 4.1 Response of the cell density, u(x,t), to the chemoattractant.

Approximate U W function

05 i 05 H
0 0s 7 0 0& 1

Figure 4.2 Final time 7" = 100 and initial condition u(z,0) = 1.
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Case 2: Mass moving to the right edge

Let v(z,t) be given by

0 <05
v(x,t) = "
g cos(2z(x — 1)mr).

Approximate U % function

] as ]
0 04a 1 0 05 1

Figure 4.3 Right edge concentration: final time 7 = 100 and initial condition
u(z,0) = 1.

The required conditions, v,(0,t) = v,(1,f) = v(z,0) = 0, are satisfied by this func-

tion. Obviously, this function converges to

0 <05
v(z) =
2 cos(2z(z — 1)m).

In this case we let the chemical substance move to the right edge of the domain. It
follows that the population u(x,t) is moving to the right edge (Figure 4.3). In Figure

4.3, the initial condition u(z,0) = 1 was used.
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Case 3: Dead spot, v(x,t) = 0 for some range 0 < 27 <z < x5 < 1

.6
v(z,t) =9 0 03<2<0.7
1.5¢ (z—1)7
1 c0s(*55 )
Approximate U % function

! 2 !

Figure 4.4 Dead spot: final time 7" = 100 and initial condition u(z,0) = 1.

An interesting situation is that when there is a dead spot v(x,t) = 0 for some range

0 <2y <x < xy < 1. This is the case we have now. Experimenting with this case is
given in Figure 4.4 with initial condition u(z,0) = 1.
Case 4 : Clustering in the middle of the domain

The last case in our experiment is when the chemical substances are clustering in the

middle of the domain. Due to instability in this case with N = 40000 for v(z,t) given

by
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0 z<0.3
v(@,t) = § F2H(1 - cos (H2U20T)) 03 <2 <0.7
0 x> 0.7

we shrink the time steps by choosing N = 70000. Figure 4.5 shows that the mass is
moving toward the centre making a pile.
Conclusion: It is clear that non of these results gave negative values even with small

initial conditions. Therefore, the scheme (2.20) might be positivity preserving.

Approximate U % function
0.45 ! 2 !

Figure 4.5 Centre clustering: final time 7" = 100 and initial condition u(z,0) = 0.1.

4.1.2 Studying the stability numerically

It was shown in Section 2.6 that the scheme (2.20) with fixed Az is conditionally
stable and the stability depends on the interaction between two parameters (i.e r, and

07"). In order to confirm this situation, we tested the scheme with different values of
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_ KAt

Tr = a2 The scheme was applied on the equation

g + (U0g)y = Kllgy

uz(0,t) = u,(1,¢t) =0, =z€(0,1), t>0

with v(x,t) = t(1 + cos(37x)) and initial condition u(x,0) = 1. The parameter 67 is

given by
(t)
n o wltn) —x 1 At
97; = A—x = _A_,CL’ UI(.CE, S)dS ~ —m[’l}x(ﬂf,tn) + Ux(ﬁ,tn_H)]
tn
where v, = —3rtsin(37x). Hence, we have that
3m 3mAt 3m
"< — — 2 o 20 - 2
07| < SAL [t1 + o] At SAL (2n+1)(At)" < 2Ax(2N 1)(At)
3T 3T
——(2N)(At)? = =—A
= 2Ax( J(AD) Ax !
where T and N are the final time and total time steps respectively (At = L). To satisfy

the condition 67| < § we let At < 2L
In our experiment we used T'= 1 and M = 40. Hence, we need At < 1.3263e — 03

i.e. N > 754 to ensure that the condition |67| < i is satisfied for all n and all i. It

was shown that for r, > }l no restriction is needed for ¢ and the scheme is stable. We
can see this in Figure 4.6 where r, = 0.249 (here we used x = 0.1178). However, the

scheme is supposed to have instability when 7, < i if we keep |07 < % It was shown

1
5127, .
217 < 1 With the

that to have stability in this case we let |0}7| € (0,a) where o < 25— <

condition [07| < %, the first instability appears when r, = 0.16 (here we used x = 0.0754)
Figure 4.7. With this value of r,, we should have |07'] € (0,0.41) which indicates that
N > 920 should be used. However, the numerical results show some negative values
when N < 950 so we need to use N > 950. We are keeping r, = 0.16 fixed by choosing
k= 0.095 and N = 950. Figure 4.8 shows that the instability in the previous graph was
removed completely. Therefore the stability was recovered by using smaller time steps

i.e smaller bound for |67].
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Approximate U W function Approximate U
T T T

Y function

Figure 4.6 N =754, M = 40, r,, = 0.249. Figure 4.7 N =754, M = 40, r,, = 0.16.

4.1.3 A numerical experiment for convergence of the 1D scheme

This part is devoted to confirm the order of the accuracy of the scheme (2.20). We

consider the system

up + (uvg)y = Kz + g, t), 0<z<l, t>0
U, = OUze — AU+ f(2,1), 0<z<l, t>0
u(z,0) =1, v(z,0)=0 in 2
Ju  Ov
— == 092.
on  On on

(4.1)
(4.2)
(4.3)

(4.4)

The constants used in the simulation were Kk = 1,0 = 1, and A = 5. The source terms

are
f(z) =20+ 20 cos(6mz),

g(z,t) = e’ (wv, — (vyw, + dw) + 5 + 2 cos(4nz))
where

5+167r2)t)

w=w(x,t)=1+ 5+1%(1 — e ( cos(4mx).

and v = v(z,t) is the exact solution of the second equation (4.2) given by

20 )
1 — (—5+3674)t
5 3o C )

v(x,t) = 4(1 —e™) + cos(6mx).
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Approximate L W function
T T

Figure 4.8 N =950, M = 40, r, = 0.16.

Equation (4.1) has exact solution u(z,t) = e’w.

Table 4.1 shows the rate of convergence which is second order as we proved ana-
lytically. The parameters which are used in the table are defined as follows. The first
column k represent the doubling of the time and space partitioning while the second and
third columns (N and M) represent the time and space subdivisions respectively. The
errors in the chemoattractant concentration ,v(x,t) and the cell density,u(z,t), are given
by the parameters V Ey, and UE}, respectively. The errors were computed in the final
time 7' = 1 using the sup-norm || - ||. Finally, the convergence rates are given by the
parameters V Ey, /V Ey, 1 and UE}, /U Ey, 1. Figures 4.9 and 4.10 show the response of the

cell density u(x,t) to the chemoattractant v(z,t).

Table 4.1 Rates of Convergence for 1D Chemotaxis System

k N M V E VEL/VEgq UFE UE/UEy1

1 100 20 4.21e-03  0.00e+00  2.30e-01  0.00e+00
2 200 40 1.03e-03  4.10e4+00  5.97e-02  3.86e+00
3 400 80 2.55e-04  4.02e4+00  1.51e-02  3.95e+00




112
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3.9

Figure 4.9 1D Chemoattractant v(z,t)

4.2 Numerical experiments for the 2D chemotaxis system

4.2.1 Positivity preserving property

The scheme (3.37) being so complicated makes it challenging to prove the positivity
preserving property. Therefore, we study this property numerically. The method will be

applied on the equation

u + V(uVv) =V - (kVu), (z,y) € Q2=(0,1)x(0,1), ¢t>0

ou
% - 07 (x,y) € 00

with a function v(z,y,t) known in advance. It was shown that when r, is large enough
then the method is stable. Therefore, we will be testing the method with £ = 0.5 so that
we don’t need to worry about any restrictions on |67} and |6"[. In the following first
three cases we used M = 20, N = 7500 and final time 7" = 30. With these values, it is
guaranteed that the conditions |0]"| < § and [0?'| < 5 are satisfied.

Case 1: Mass moving away from the centre

Let

v(x,y,t) = t—2|—t1 cos(2x(x — 1)m) cos(2y(y — 1)m).
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exact solution vs. approx. solution
T T T T T

s : ; : i E é ;
Figure 4.10 1D Cell density u(x,t)

In this case we let the chemical substance move to the corners of the domain and, hence,
the cell density u(z,y,t) will be leaving the centre (Figure 4.11 and 4.12). In Figure

4.12, k = 0.2 was used.

Approximate solution of The v function

Figure 4.11 Final time 7" = 30, initial condition u(z,y,0) = 0.1, r, = 0.8

Case 2: Mass moving to one half of the domain

In this case we will test the method when the chemoattractant, v(x,y,t), is concentrated
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Approximate solution of L

The v function

Figure 4.12 Final time T = 30, initial condition u(x,y,0) = 0.1, r, = 0.32

in one half of the domain. Let

0 <05
v(z,y,t) =

ti_tl cos(2z(x — 1)m) cos(2y(y — 1)), elsewhere,

then the mass is moving to the half of the domain as a response to the chemical sub-

stances. Figure 4.13 shows the sectional view of this response.

Approximate solution of U
L= T R

The v function

Figure 4.13 Final time T = 30, initial condition u(z,y,0) = 0.1, r, = 0.8
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Case 3: Mass moving to one corner

Let

( 9 0 <05, y<0.5
v\r,y, =
t% cos(2z(x — 1)m) cos(2y(y — 1)m), elsewhere.

This function describes the case when the chemical substances move toward one corner

of the domain. The result of this case is shown by Figure 4.14.

Approximate The v function

Y-2HIS 0o woavis y-anis 00 H-axis

Figure 4.14 Final time T = 30, initial condition u(z,y,0) = 0.1, r, = 0.8

Case 4: Mass clustering at the centre
The last case in our experiment will be when the mass is clustering in the middle of

the domain. Let v(z,y,t) be given by

0 z,y<0.3,
v(z,y,t) = (1 - cos(2r =001 )y (1 cog (2 W00 ) 0.3 < 5y < 0.7,
0 z,y>0.7

In this case, we are keeping M = 20 and T = 30 but letting N = 30000 so that the
conditions |¢;'| < 0.5 and [03"| < 0.5 are satisfied for all i,j and all n. Figure 4.15

shows that the mass is moving toward the centre and making a pile.
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Approximate LU The v function
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Figure 4.15 Final time T = 30, initial condition u(zx,y,0) = 0.1, r, = 0.2

Conclusion: Since none of these results gave negative values, we can say that the
scheme (3.37) might be positivity preserving.
4.2.2 Studying the stability numerically

We devote this section to study the stability of the scheme (3.37) numerically. It was
shown in Section 3.3 that the scheme is conditionally stable. We confirm this fact by

applying the scheme on the equation

ur+ V- (uVv) =V - (kVu), (z,y) € Q,t>0

ou
o 0, (x,y) € 00
u(z,y,0) =1

where v(z,y,t) is given by

v(x,y,t) = 2t(1 4 cos(3xm) cos(3ym)).
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Approximate L The v function

Figure 4.16 Final time T'=1, N = 754 and r, = 0.2122

0
It is clear that this function satisfies the conditions v(z,y,0) = 0 and 6_U = 0 on 0f.
n

The parameters 9”" and Hz’jn can be found by solving the following differential equations

/

x v (x(t),y(t),t) x x;
- ) (tn-i-l) =
Y Uy<:L‘(t), y(t),t) Yy Y;
Hence, we have )
ef’.}n ~ QAA_tq;[/Ux(x7y7tn) + ’Uz(x,y,tn+1)]
0?7;”_ QAA_ty[Uy(x’:%tn) + Uy(x7yatn+1)]
and similarly i
927],"4'1 ~ 2AA_tw[,U1’(x7y’tn) +U£($7yatn+1)]
n+1
QZyJ " ] Q%Tty[vy (ZE, Y, tn) + /Uy(x7 Y, tn—i—l)]

where

vz (x,y,t) = —6mt sin(3wz) cos(3my), vy(z,y,t) = —6mt cos(3mz) sin(3my).
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Therefore, we get that

3rAt 3m
z,n+1 _
1051 < . (tns1 +tn) = s
3
< A—Z(?N —1)(A)?,

(2n + 1)(At)?

where N is the total time steps At = % Similarly, we have

3T
y,n+1 et _ 2
0] < &, (2N — D@

Notice that 3Z (2N — 1)(At)? < 3Z(2N)(At)? = FLA¢L. So to satisfy the conditions

1 1 :
0777 < Land |07 < L we let At < 22, In our experiment, we choose M = 20
. 2 ij 2 27T 7

and 7' = 1. Thus we need At < 0.001326 (i,e N = 754).

Approximate U The v function

Figure 4.17 Final time 7"= 1, N = 800 and r, = 0.12

1
< 5 and

Our numerical results show that the scheme under the conditions |67
07" < 3 is stable when r, > 0.21 (Figure 4.16 in which we used x = 0.4).Under the
assumption that the scheme is positivity preserving, we consider any negative value shown
in the results is a sign of non-stability. The first negative values appear when r, = 0.2

(here k = 0.377). In order to remove these negative values we shrink At. Thus, we use

N = 800 and let r,, = 0.2 by choosing x = 0.4. Hence we have |67’

, 1071 € (0,0.471).
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Figure 4.17 shows instability in the method when r, = 0.12 (k = 0.244) and N = 800
were used. To recover the stability we let N = 1350 while keeping r,, = 0.12 by choosing
# = 0.40586 (Figure 4.18). In this case we have |6;7"[, |67 € (0,0.279).

Approximate L The v function

Figure 4.18 Final time T'=1, N = 1350 and r, = 0.12

4.2.3 A Numerical experiment for convergence of the 2D scheme

As a simple illustration of the scheme (3.37) we consider the system

u + V- (uVv) =V - (kVu) + g(u, v, x,y,1), (4.5)

vy =V - (oVv) = v+ f(u,v,z,y,t) (x,y) € Q,t >0 (4.6)
Oou  Ov

% = % =0, (ZL‘,’y) S 89,15 > 0, (47)

u(z,y,0) =1, v(x,y,0) =0 (4.8)

where 2 = (0,1) x (0, 1) is a rectangle in the plane. The constants used in the simulation

are K = 5, 0 = 0.1 and A = 5. The source terms are given by

f(x,y) = 20 + 10 cos(37rx) cos(2my),

g(x,y,t) = exp(v)(v; + (1 - “)((USL‘)Q + (%)2 + Vi + Vyy)),
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where v = v(x,y,t) is the exact solution of (4.6) given by

10

Tz o (1~ exp(=(1307" + \)1)) cos(3ma) cos(2my).

v(z,y,t) = 2—;)(1 —exp(—At)) +

The exact solution of (4.5) is given by u(z,y,t) = €”. In this experiment we used the
alternating direction implicit method (ADI) to find the approximate solution of v(z,y,t).

The method is given by

Tk,x n+i Tk, n At n
(1= 7570 ot = (1 75200 o+ 5

2 2
Try c2)  n+1 Trw oo\ ntd | At
(1-75) it = (1 5282 i + S

where F' = F(z,y,v,t) = = v + f(u,v,z,y,t).

Table 4.2 shows second order accuracy as it was proved analytically. The parame-
ters which are used in the table are defined as follows. The first column k represent
the doubling of the time and space partitioning whereas the second and third columns
(N and M) represent the time and space subdivisions respectively. The errors in the
chemoattractant concentration ,v(z,y,t) and the cell density,u(z,y,t), are given by the
parameters V Ejy and U E), respectively and their relative errors are given by V Rel and
URel. The errors were computed in the final time 7' = 1 using the Frobenius norm
|| - || frob- Finally, the convergence rates are given by the parameters V Ej/V Ej; and
UEy/UE})1. Figures 4.19 and 4.20 show response of the cell density u(z,y,t) to the
chemoattractant v(x,y,t). It is clear from the graphs that the cells move toward the

high concentration areas.

Table 4.2 Rates of Convergence for 2D Chemotaxis System

N M V E, VE./VEx1  VRel UL UE/UEyyy  URel

50 10 1.26e-02  0.00e+00  3.16e-04 2.46e4+00  0.00e+00  4.23e-03
100 20 3.11e-03  4.05e+00  3.90e-05 5.64e-01  4.36e+00  4.90e-04
200 40 7.75e-04  4.01e+00  4.86e-06 1.38e-01  4.08¢+00  6.01e-05

w N = ]
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Figure 4.19 2D Chemoattractant
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Figure 4.20 2D Cell density
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CHAPTER 5. SUMMARY AND DISCUSSION

In this thesis we succeeded in deriving second order finite volume schemes. The order
of the accuracy was proved analytically in both cases (i.e 1D and 2D). Attaching to
this analysis, numerical experiments were given to support the results. It was shown
that the method is mass conservative. However, more work is needed to prove that
the method preserves the non-negative property. We have not been able to prove this
property and it is not clear whether is satisfied by the method or not. Therefore, some
numerical experiments, with v(z,y,t) known in advance, were made to test the scheme.
The numerical results never gave any negative values which indicate that the method
might satisfy the property.

One drawback of the method is that it is very complicated which makes it hard to
implement and harder to analyse. Also the coefficients in the method were changing with
time. This problem in the method raised some difficulties in proving the stability and
hence very restrictive conditions were induced. As a consequence of this restriction on
the stability, a desirable feature, which is using large time steps, of numerical methods
was not possible to be used. Numerical tests were given in the context of studying the
stability of the methods.

In the discussion of consistency of the 2D scheme, it was shown that the diffusion
flux terms are higher order terms. Therefore, these terms might be removed from the
scheme without affecting the accuracy. This helps in reducing the scheme and simplifies
things.

Because of the convective flux terms, the linear systems obtained from the methods
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in both cases are non-symmetric. The matrix in the 1D case is tridiagonal whereas it
is block tridiagonal matrix in the 2D case. In both cases, the matrices are not fixed
constants where they are needed to be updated for each time step. This affects the
efficiency of the schemes since more computation effort should be made in each time
step. Since the systems are sparse, some ideas of sparse matrices (e.g. sparse storage)
may be applied. Even though we used a fixed time step in our work, it is possible to
use different time steps depending on where and when the restrictions of the method are
satisfied (i.e. |6;;"] < 0.5 and |6}7'] < 0.5).

Future work: It is straight forward to extended the method to three space dimen-
sions but the scheme will become more complicated. This is might be done in the future.
One thing that can be done to improve the method is the use of the idea of alternating
direction method. Since the 1D scheme method is second order, it might be possible
to apply the method on the two dimensional case by alternating the 1D scheme. First

apply the method in the z-direction and then in the y-direction.
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APPENDIX A. EIGENVALUES OF TRIDIAGONAL
MATRICES

In this appendix we are going to calculate the eigenvalues of the matrices A and B
given in Section 2.5. We will find the eigenvalues and eigenvectors of the matrix B. The

eigenvalues of A can be found in the same way. Recall that the matrix B is given by

7 1
1 6 1
B =
1 6 1
1 7
- - MxM
We solve the eigenvalue problem
Biv = v,
where A € R and v = [vy,...,vpy|T # 0. From the eigenvalue problem we obtain the
following difference equation
Uj_1—|—6’Uj+Uj+1 :)\Uj ]21,,M
Vo = V1, UM = UM+1
which is equivalent to
Uj—1+(6_)\)vj+vj+1:0 jzl,,M

Vo = V1, Uy = Upm+1
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The solution of such equation can be written in terms of the roots of the characteristic

polynomial, which in our case is given by
P(r)y=r*+(6—\)r+ 1.
Let r and ry be the roots of P(r), then the solution of (A.1) is given as
v; = Oyl 4 Cor), §=0,1,....,M+1.
By the boundary condition vy = vy, we have
C1+Cy=Ciri 4 Corg = C1(1 — 1) + Co(1 —13) = 0.

Since v # 0, then at least one of the constants C; and Cs is not zero.The possible cases
are

i) C1 = 0 which leads to r, = 1

i1) Cy = 0 that gives r =1,

i7i) neither of the constants Cy and Cy is zero. In this case, there are two possibilities:
r1 = r9 = 1 or neither of the roots is 1. If non of them is 1, then we have

1_
Cy = —C——

1—7'2

which gives

A
vy =Ci(r] — 1_27“%).

Furthermore we have vy, = vy41 which leads to

1-— 1-—
4 <7‘{W - rl'r’é”) = (Tf\”l - —Tlré\“l)

].—7"2

=
C1 =) =My =0= (SHM = 1.

From the identity

(@-Ay% m—AV—4)<m—Ay— m—Ay—4)
1

mTro =

2
(6—N\)2— (6-\)?%+4
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we get that

)M = M =1
T2

Since the roots of a quadratic polynomial are in general complex, the above equation

can be written in the form
2 omi(d
ry=e" "M’ k=1,...M —1.
It is easy to see that the possible roots are

mi( )
"Ee=2E¢€ M7,

Lk
Tzvkzeim(M), k=1,..M —1.
For every k =1, ..., M — 1 there is an eigenvalue \; given by the equation

-k
) e = 2 cos(n(

Sk

: ))-

Sl=

/\k—6=7’1’k—|—7"27k:67r

If 1y =79 =1then A\ — 6 =2 = )\ = 8 which can be obtained form the above equation

by letting & = 0. Therefore, the eigenvalues of the matrix B are given by
Ae =6+ 2cos(m(55)), k=0,1,..,M—1.

The associated eigenvectors vy ; ( k= 1,..., M — 1) are given by

. 1—rig, , 1— 7 . , -
vk = C1 (T{k - (1 . k)rék> =y (T{k —( )Tl,kT%,k = 01(7"?,1@ + T;,k )

(j—1)km

- O (ei(ﬁ) + e—i(T))

Lkn . L1kn -1 i— DY kr
By choosing 2C} = [COS(i> + z'sm(%)] we get vy ; = Ccos (%) When k =0,

then v ; = 1 for all j.
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APPENDIX B. MATLAB CODES

The following MATLAB programs are used to generate the data needed to do the
numerical experiments given in Chapter 4. The main code in 1d system is Chemotax1d.m.
This code and its related source functions testFfcn.m and testGfen.m were written by
Smiley. The main code in 2D case is Chemotax2d.m and the source functions are given in

the codes test2DFfn.m and test2DGfn.m The code EzractV.m returns the exact solution

v(x,y,t).
Chemotax1d

% Script File : Order 2 1d Model System Convergence

%» The model system parameters

xi =1;

kappa = 5;
sigma = 1;
lambda = 5;

% Parameters determining the source terms and known solutions
%y of a test model system

f0

20; fn = 20; nn = 6;

hO = 5; hm = 2; mm = 4; gammadw = 5;

parm4f = [f0,fn,nn];

parmév [f0,fn,nn,lambda,sigmal ;

parméw [hO,hm,mm, gammadw, kappal ;
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% set final time and print table heading
t_final = 1.0; % pre-chosen final time
disp(’ )

disp(® A Table Verifying Rates of Convergence ’)

disp(’  ?)
disp(’ k¥ N M VE_k VE_k/VE_(k+1) UE_k UE_k/UE_(k+1)’)
disp(?————=———————————
M = 20; % M = number of subdivisions in space
N = 50; % N = number of time steps
nUerror = 0; % n*Error = new error, set to 0 for looping
nVerror = 0;
for k = 1:3
oUerror = nUerror; % new error becomes old error
oVerror = nVerror; % new error becomes old error
M = 2«M; dx = 1/M; % set new M and new N
N = 2xN; dt = t_final/N;
x = linspace(0,1,M+1); % set space grid

xbar = 0.5%(x(2:M+1) + x(1:M));

rk = kappax*dt/(dx*dx) ; % u diffusion
rs = sigmaxdt/(dx*dx); % v diffusion
rt = dt/(dx*dx); % theta multiplier

% factor matrix for V system

Lv = zeros(1,M); % lower sub-diagonal
Dv = zeros(1,M); % diagonal
Uv = zeros(1,M); % upper sub-diagonal

a = -rs/2; % a(i) = a, all i
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b =1+ rs + 0.5%xlambdaxdt; % b(i) =b, 1 <i <M

c = -rs/2; % c(i) = c, all i

LU factorization

Dv(1) = 1 + 0.5%rs + 0.5%lambdax*dt;

Uv(l) = c;

for i = 2: (M-1)

Lv(i) = a/Dv(i-1);

Dv(i) = b - Lv(i)*c;

Uv(i) = c;

end

Lv(M) = a/Dv(M-1);

Dv(M) = (1 + 0.5%rs + 0.5%lambdaxdt) - Lv(M)*c;
factor matrix for U system

Lu = zeros(1,M); % lower sub-diagonal

Du = zeros(1,M); % diagonal

Uu = zeros(1,M); % upper sub-diagonal

a = (1/8) - rk/2; % a(i) = a, all i
b = (6/8) + rk; % b(i) =b, 1 <i<M
c = (1/8) - rk/2; % c(i) = c, all i
LU factorization

Du(1) = (7/8) + 0.5x%rk;

Uu(l) = c;

for i = 2: (M-1)

Lu(i) = a/Du(i-1);

Du(i) = b - Lu(i)=*c;

Uu(i) = c;

end
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Lu(M) = a/Du(M-1);

Du(M)

((7/8) + 0.5%rk) - Lu(M)x*c;
Declare characteristic method variables

theta = zeros(1,M-1);

Amin = zeros(1,M-1);

zeros(1,M-1);

Amax

Flx = zeros(1,M-1);

variables used in solving Lw = b, Uz = w so LUz = b

w = zeros(1,M);

z = zeros(1,M);

variables used in setting up the explicit terms in the scheme
rhs = zeros(1,M); % right hand side made up from

del = zeros(1,M-1); % differences of v,u

diff = zeros(1,M); % diffusion terms

oterms = zeros(1,M); Y% other terms
variables used in setting up the system matrix

A = zeros(1,M);

B = zeros(1,M);

C = zeros(1,M);

The initialization

t = 0;

u = ones(1,M); % u=ulx,t_{n+1})
u0 = ones(1,M); % u0 = u(x,t_n)

v = zeros(1,M); h v =vix,t_{n+1})

vO0 = zeros(1,M); % vO0 = v(x,t_n)



———————————— Simulation loops —————————————————————-—-—-
for j = 1:N

t0 = t; % variables at t = t_{n+1}

v0 = v; % become variable at t = t_n

u0 = u;

t = t0 + dt;

h

T

first solve for v {n+1}

del = vO(2:M) - vO(1:M-1);

diff (1) = rsxdel(1);

diff(2:M-1) = rsx(del(2:M-1) - del(1:M-2));

diff (M) = -rs*del(M-1);

oterms testFfcn(xbar,t0,parm4f) + testFfcn(xbar,t,parméf);

oterms = dtx(oterms - lambdaxvO);

rhs = vO + 0.5%(diff + oterms);

w(1) = rhs(1); % solve Lw = rhs
for i = 2:M
w(i) = rhs(i) - Lv(i)*w(i-1);
end
z(M) = wM)/ Dv(M); % solve Uz = w

for i = M-1:-1:1
z(1) = (w(i) - Uv(i)*z(i+1))/Dv(i);
end
v = z; % now v = v {n+1}
now solve for u“{n+1}

theta = -0.5*rt*xi*((v(2:M)-v(1:M-1)) + (vO(2:M)-v0(1:M-1)));

Amin = theta.*(1 - theta);

Amax = theta.*(1 + theta);



h

Flx = 0
A(2:M)
B(1) =
B(2:M-1
B(M) =
C(1:M-1
LU fact

Du(1)

for i
Lu(i)
Du(i)

end
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5% (Amin.*u0(1:M-1) + Amax.*u0(2:M));

= (1/8) - 0.5*%rk + 0.25%Amax(1:M-1);

(7/8) + 0.5%rk - 0.25%Amax(1);

) = (6/8) + rk + 0.25%(Amin(1:M-2) - Amax(2:M-1));
(7/8) + 0.5*%rk + 0.25*xAmin(M-1);

) = (1/8) - (0.5*%rk + 0.25%Amin(1:M-1));

orization

B(1);

2:M

A(1)/Du(i-1);

B(i) - Lu(i)*C(i-1);

del = u0(2:M) - u0(1:M-1);

diff (1) = rk*del(1);
diff(2:M-1) = rk*(del(2:M-1) - del(1:M-2));
diff (M) = -rkxdel(M-1);
oterms = dt*(testGfcn(xbar,t0,parmdv,parmdw)

+ testGfcn(xbar,t,parmdv,parmdw)) ;
rhs(1) = 0.125%(7*u0(1) + u0(2));
rhs(1) = rhs(1) + 0.5%(F1lx(1) + diff(1) + oterms(1));
rhs(2:M-1) = 0.125%x(u0(1:M-2) + 6*xu0(2:M-1) + u0(3:M));
rhs(2:M-1) = rhs(2:M-1) + 0.5%(F1x(2:M-1) - F1lx(1:M-2));
rhs(2:M-1) = rhs(2:M-1) + 0.5%(diff(2:M-1) + oterms(2:M-1));
rhs(M) = 0.125%x(u0(M-1) + 7*u0(M));
rhs(M) = rhs(M) + 0.5%(diff(M) + oterms(M) - Flx(M-1));

w(l) =

rhs(1); % solve Lw = rhs
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for i = 2:M
w(i) = rhs(i) - Lu(i)*w(i-1);
end
z(M) = w(M)/ Du(M); % solve Uz = w
for i = M-1:-1:1

z(i) = (w(i) - Uu(i)*z(i+1))/Du(i);

end
u=z; % now u = u"{n+1}
end
exactv = testVsoln(xbar,t,parmdv);
exactu = testUsoln(xbar,t,parmév,parmiw) ;
nVerror = max(abs(v - exactv));

nUerror = max(abs(u - exactu));

disp(sprintf(’ %1d %5d %4d %4.2e %4.2e %4.2e }4.2e ...
,k,N,M,nVerror,oVerror/nVerror ,nUerror,oUerror/nUerror))

end

exactv = testVsoln(xbar,t,parmév);

plot(xbar,v,’r’,xbar,exactv,’k-.")

exactu = testUsoln(xbar,t,parmév,parmiw) ;

figure

plot(xbar,u,’b’)

% plot(xbar,exactu,’g-.’)

pause (1)

testFfen

% This function defines the source term f(x,t) in the

% model system equation for v(x,t) with known solutions
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function f = testFfcn(xbar,t,parmdF)
fO = parm4F(1); fn = parm4F(2); n = parméF(3);

f = fO + fn*xcos(n*pi*xbar);

testGfen

% This function defines the source term g(x,t) in the

% model system equation for u(x,t) with known solutions
function g = testGfcn(xbar,t,parméV,parméW)

fO = parm4V(1); fn = parmdV(2); n = parméV(3);

lambda = parm4V(4); sigma = parm4V(5);

a0 = lambda;
an = lambda + sigma*n*n*pi*pi;
v = (£f0/a0)*(1 - exp(-al0*t));

v = v + (fn/an)*(1 - exp(-an*t))*cos(nxpix*xbar);
h0 = parmd4W(1l); hm = parmd4W(2); m = parmdW(3);

gamma = parmdW(4); kappa = parmdW(5);

b0 = gamma;
bm = gamma + kappa*m*m¥pi*pi,;
w = (h0/b0) + (1 - (h0/b0))*exp(-bO*t) ;

w=w + (hm/bm)*(1 - exp(-bm*t))*cos(m*xpi*xbar);

h = hO + hm*cos(m*pi*xbar);

vt = fO*xexp(-a0*t) + fn*exp(-anxt)*cos(n*pi*xbar);
vx = -nxpi*(fn/an)*(1 - exp(-anx*t))*sin(n*pix*xbar);
wx = -m*pi*(hm/bm)*(1 - exp(-bm*t))*sin(m*pixxbar);

g = exp(v/kappa) .*( w.x(vt/kappa) + h - (vx.*wx + gamma*w));
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(Chemotax2d)

% This script solves 2D chemotaxis system

% first solves the equation

% v_t = sigmaxlaplace v -lambdax*V + f(x,y,t) using ADI method

% where f(x,y,t) is given in the function test2DFfcn

% second solves the equation

% u_t + div(uxdiv(v)) = kappa*laplace u + G(x,y,t)

% the outputs: A Table showing the rate of convergence , graphs of the

b exact and approximate solutions

Tolo oo oo o o oo To o ToToToToTo oo o o 1o 1o 1o o o o o o o o o o o o o ToToToToTo oo oo oo o o o o o o o o o o o Jo o o ToToTo T o oo oo oo

% The model system parameters

sigma = 0.1;
lambda = 5;
kappa = 5;

% Parameters determining the source terms and known solutions

%y of a test model system

nn = 3; mm = 2; al = 2;
f0 = 20; fn = 10;
parm4f = [lambda, sigma,nn, mm,f0O, fn];

parmé4v = parmé4f;

t_final = 1.0; % pre-chosen final time
disp(’ )
disp(’ A Table showing the rate of convergence ’)

disp(’ )
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disp(” k N M VE_{k} V_rate UE_{k}
disp(?——=—==——————————
M= 5; %» M = number of subdivisions in space

N = 25; % N = number of time steps

v_err(1)= 0 ;

U_error(1l) = 0;
for k =1:3

M =24M ; N = 2#N;

dx = 1/M; dy = 1/M;

dt = 1/N;

x = linspace(0,1,M+1); % set space grid
y = linspace(0,1,M+1);

xbar = 0.5*%(x(2:M+1) + x(1:M));

ybar = 0.5%(y(2:M+1) + y(1:M));

dx2 = dx*dx; dy2 = dyx*dy;
mx = 0.5/dx;

my = 0.5/dy;

% the constant multilpiers
rsx = sigma*dt/(dx2);

rsy = sigmaxdt/(dy2);

rkx = kappaxdt/dx2;

rky = kappa*dt/dy?2;

R = 0.125;

S =1/32;

V_old = zeros(M+2,M+2); % (t_n)
V_new = zeros(M+2,M+2); % v(t_n+1)
U_old = ones(M+2,M+2); % u(t_n)
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U_new = zeros(M+2,M+2); % u(t_n+1)

Mass = zeros(M*M,Mx*M) ; % the mass matrix

XDiff = zeros(M*M,M*xM) ; % the diffusion matrix in x direction
YDiff = zeros(M*M,M*M) ; % the diffusion matrix in y direction
RHS = zeros(M,M); % the right hand side matrix

Theta = zeros(M+1,M+1); % the Theta’s matrix

% multiplier at time t_n
Amin_old = zeros(M+1,M+1);
Amax_old= zeros(M+1,M+1);

Bmin_old

zeros (M+1,M+1) ;

Bmax_old = zeros(M+1,M+1);
% multiplier atr time t_n+1
Amin_new = zeros(M+1,M+1);

Amax_new= zeros(M+1,M+1);

Bmin_new = zeros(M+1,M+1);

Bmax_new = zeros(M+1,M+1);

globalflux = zeros(M*M,M*M) ; % global matrix for the flux

A_flux = zeros(M,M); % diagonal block matrix

B_flux = zeros(M,M); % upper sub-diagonal block matrix
C_flux = zeros(M,M); % lower sub-diagonal block matrix
A_global = zeros(MxM,M*M) ; % global matrix of the system
X_diffflux = zeros(M*M,M*M) ; % flux diffusion matrix in x direction
Y_diffflux = zeros(M*xM,M*M) ; % flux diffusion matrix in y direction
Rb = zeros(M*M,1); % right hand side long vector

% factor matrix for V system

Lv

zeros(1,M); % lower sub-diagonal

Dv = zeros(1,M); % diagonal
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Uv = zeros(1,M); % upper sub-diagonal

ax = -rsx/2; % a(i) = a, all i s rsx = rsy
bx = 1 + rsx ; % bl =b, 1 <i<M

cx = -rsx/2; % c(i) = c, all i

% LU factorization at time t_n

Dv (1)

1 + 0.5%rsx ;

Uv (1) cX;

for i 2:(M-1)

Lv(i) ax/Dv(i-1);

Dv (i)

bx - Lv(i)*cx;

Uv(i) = cx;

end

Lv(M) = ax/Dv(M-1);

Dv(M) = (1 + 0.5%rsx ) - Lv(M)x*cx;
ay = -rsy/2;

by = 1 + rsy + 0.5*%lambdaxdt;

cy = -rsy/2;

% LU factorization at time t_n+1

Lvt_nl = zeros(1,M); % lower sub-diagonal
Dvt_nl = zeros(1,M); % diagonal

Uvt_nl = zeros(1,M); % upper sub-diagonal
Dvt_ni(1) = 1 + 0.5%rsy + 0.5%lambdax*dt;
Uvt_ni1(1) = cy;

for i = 2: (M-1)

Lvt_n1(i) = ay/Dvt_n1(i-1);
Dvt_nl1(i) = by - Lvt_nl(i)*cy;
Uvt_nl1(i) = cy;
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d
t_n1(M) = ay/Dvt_nl(M-1);
t_n1(M) = (1 + 0.5*%rsy + 0.5%lambda*dt) - Lvt_nl(M)x*cy;

variables used in solving Lw = b, Uz = w so LUz = b

= zeros(1,M);
= zeros(1,M);
variables used in setting up the explicit terms in the scheme
hs = zeros(M,1); % right hand side made up for x-direction
hs = zeros(M,1); % right hand side made up for y-direction
The initialization
=0;
= zeros(M,M) ; hv=vx,y,t_{n+1})
= zeros(M,M); hv=vx,y,t_{n})
= zeros(M,M); % this is to be used in solving the y diretion
—————————————————————— constructing the constant matrices --———————-
b = zeros(1,M);
bx = zeros(1,M);
a = ones(1,M-1);
b(2:M-1) = 6*ones(1,M-2);
b(1l) =7; b(M) = 7;
bx(2:M-1) = -2*ones(1,M-2);
bx( 1) = -1 ; bx(M) = -1;
block matrix for the mass matrix
AMass = diag(b) + diag(a,1) + diag(a,-1);
block matrix for the X diffusion matrix

X_block = diag(bx) + diag(a,1) + diag(a,-1);
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% boundary blocks
Mass(1:M,1:M) = 7*AMass;
Mass(1:M, M+1:2%M) = AMass;
Mass ((M-1) *M+1:M*M, (M-2) *M+1: (M-1)*M)= AMass;
Mass ((M—-1) *M+1:M*M, (M-1) *M+1:M*M)= 7*AMass;
XDiff(1:M,1:M) = 7*X_block;
XDiff(1:M, M+1:2xM) = X_block;
XDiff ((M-1)*M+1:MxM, (M-2) *M+1: (M-1)*M)= X_block;
XDiff ((M-1)*M+1:M*M, (M-1) *M+1:M*M)= 7*X_block;
YDiff(1:M,1:M) = -AMass;
YDiff (1:M, M+1:2%M) = AMass;
YDiff ((M-1)*M+1:M+M, (M-2) *M+1: (M-1)*M)= AMass;
YDiff ((M-1)*M+1:M+M, (M-1)*M+1:M*M)= -AMass;
for ii = 2:M-1
% diagonal blocks
Mass((ii-1)*M+1:1i*M, (ii-1)*M+1:ii*M) = 6%AMass;

% off diagonal blocks

Mass((ii-1)*M+1:1i*M, (ii-1)*M+1+M:ii*M+M) AMass;

Mass((ii-1)#M+1:ii*M, (ii-1)*M+1-M:ii*M-M)

AMass;
% diagonal blocks
XDiff ((ii-1)*M+1:ii*M, (ii-1)*M+1:1ii*M) = 6*X_block;

% off diagonal blocks

XDiff ((ii-1)*M+1:ii*M, (1i-1)*M+1+M:ii*M+M) X_block;

XDiff ((ii-1)*M+1:ii*M, (1i-1)*M+1-M:ii*M-M)

X_block;
% diagonal blocks
YDiff ((ii-1)#M+1:ii*M, (ii-1)*M+1:1i*M) = -2*AMass;

% off diagonal blocks
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YDiff ((ii-1)*M+1:ii*M, (ii-1)*M+1+M:ii*M+M) = AMass;
YDiff ((ii-1)*M+1:ii*M, (ii-1)*M+1-M:iixM-M) = AMass;
end
ho ——————————- Simulation loops —————————————————————————————-
for kk = 1:N
tl =t + dt;
h —mmmmmm - solve for v(:,j) {n+1}--—---------mm—
Attt solving in the x direction --————-—-—"—"7-———-
for j = 1:M % fix j  to solve v in the x direction

% computing the right hand side
for i = 1:M
if (== 1)
Yrhs(i) = (1-0.5%rsy)*v0(i,1) + 0.5*%rsy *vO(i,2)+ ...
0.5%dt*(-lambda*v0(i,1)+ test2DFfcn(xbar(i),ybar(l),t,parm4f)) ;

elseif (j < M)

Yrhs(i) = 0.5*rsy*v0(i,j-1)+(1-rsy)*v0(i,j) + 0.5*rsy *v0(i,j+1)+ ...

0.5%dt*(-lambda*v0(i, j)+ test2DFfcn(xbar(i),ybar(j),t,parmdf)) ;
else
Yrhs(i) = (1-0.5*rsy)*v0(i,M) + 0.5*xrsy *vO(i,M-1)+ ...

0.5*%dt*(-lambda*v0(i,M)+ test2DFfcn(xbar(i),ybar(M),t,parmé4f)) ;

end

end
w(l) = Yrhs(1); % solve Lw = rhs
for ii = 2:M

w(ii) = Yrhs(ii) - Lv(ii)*w(ii-1);
end

z(M) = w(M)/ Dv(M); % solve Uz = w
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for ii = M-1:-1:1

z(i1) = (w(ii) - Uv(iid*z(ii+1))/Dv(ii);

end

for s = 1:M

v(s,j) = z(s);

end % now v(:,j) = v(:,j) {n+0.5}
end
vl = v;
hh —mmmmm e solving in the y direction ---------——-—-——-———-
for i = 1: M % fix i to solve in the y direction
for j = 1:M

if (1 == 1)

Xrhs(j) = (1-0.5*rsx)*v1(1,j) + 0.5xrsx *v1(2,j)+ ...
0.5*dt*(test2DFfcn(xbar (1) ,ybar(j),tl,parmdf)) ;
elseif (1 < M)
Xrhs(j) = 0.5*rsx*vi(i-1,j)+(1-rsx)*vi(i,j) + 0.5*rsx *v1(i+l,j)+ ...
0.5*dt*(test2DFfcn(xbar (i) ,ybar(j),tl,parmdf)) ;
else
Xrhs(j) = 0.5%xrsx *v1(M-1,3j)+(1-0.5*rsx)*v1i(M,j) + ...
0.5*dt*(test2DFfcn(xbar (M) ,ybar(j),tl,parm4f)) ;
end
end
w(1) = Xrhs(1); % solve Lw = rhs
for ii = 2:M

w(ii) = Xrhs(ii) - Lvt_ni1(ii)*w(ii-1);
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end
z(M) = w(M)/ Dvt_n1i(M); % solve Uz = w
for jj = M-1:-1:1

z(j3) = w(3j) - Uvt_n1(jj)*z(jj+1))/Dvt_n1(jj);

end
for s = 1:M

v(i,s) = z(s); % now v(:,j) = v(:,j) {n+1}
end
end
Attt solving for U(t_n+l) -—————-—-——————————————-
V_0ld(2:M+1,2:M+1) = v0; % the values at t_n
V_new(2:M+1,2:M+1) = v; % the values at t_n+1
v0 = v; % updating the values at t_n

% inserting ghost points
for j = 1:M+2
V_old(1,j) = V_0ld(2,j); % x-direction
V_0ld(M+2,3) = V_old(M+1,3);
V_new (1,j) = V_new(2,j);
V_new(M+2,j) = V_new(M+1,3);
U_old(1,j) = U_old(2,]); % x-direction
U_old(M+2,j) = U_old(M+1,j);
U_new (1,j) = U_new(2,]j);
U_new(M+2,j) = U_new(M+1,j);
end
for j = 1:M+2

V_old(j,1) = V_old(j,2); % y-direction
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V_old(j,M+2) = V_old(j,M+1);

V_new(j,1) = V_new(j,2);

V_new(j,M+2) = V_new(j,M+1);

U_old(j,1) = U_old(j,2); % y-direction
U_old(j,M+2) = U_old(j,M+1);

U_new(j,1) = U_new(j,2);

U_new(j,M+2) = U_new(j,M+1);

end

for i = 1:M+1
for j = 1:M+1

Alphal_old

V_old(i+1,j)- V_old(i,j);

Alpha2_old = V_old(i+1,j+1)- V_old(i,j+1) ;
Betal_old = V_old(i,j+1)- V_old(i,j);
Beta2_old = V_old(i+1,j+1)- V_old(i+1,j);

% the derivative V_x(t_n)

Vx_old = mx*(Alphal_old + Alpha2_old);

% the derivative V_y(t_n)

Vy_old = my*(Betal_old + Beta2_old);

% the mix derivative V_xy(t_n)

Vxy_old = (Beta2_old - Betal_old)/(dx*dy);

Alphal _new = V_new(i+1,j)- V_new(i,j);

Alpha2_new = V_new(i+1,j+1)- V_new(i,j+1);
Betal_new = V_new(i,j+1)- V_new(i,j);
Beta2_new = V_new(i+1,j+1)- V_new(i+1,j);

% the derivative V_x(t_n+1)
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Vx_new = mx*(Alphal_new + Alpha2_new);
% the derivative V_y(t_n+1)
Vy_new = my*(Betal_new + Beta2_new);
% the mix derivative V_xy(t_n+1)
Vxy_new = (Beta2_new - Betal_new)/(dx*dy);
% Theta_x at time t_n
Theta(i,j) = (-0.5%dt*(Vx_old + Vx_new)
+0.25*%dt"2xVxy_old*(Vy_old + Vy_new))/dx;

Amin_old(i,j)

Theta(i, j)*(1-Theta(i,j));

Amax_old(i,j) Theta(i,j)*(1+Theta(i,j));
% Theta_y at time t_n
Theta(i,j) = (-0.5%dt*(Vy_old + Vy_new)

+0.25*%dt"2xVxy_old*(Vx_old + Vx_new))/dy;

Bmin_old(i,j) Theta(i,j)*(1-Theta(i,j));

Bmax_old(i,j) Theta(i,j)*(1+Theta(i,j));
% Theta_x at time t_n+1
Theta(i,j) = (0.5%dt*(Vx_old + Vx_new)

+ 0.25%dt"2*Vxy_new* (Vy_old + Vy_new))/dx;

Amin_new(i,j) Theta(i,j)*(1-Theta(i,j));

Amax_new(i, j) Theta(i,j)*(1+Theta(i,j));
% Theta_y at time t_n+1
Theta(i,j) = (0.5%dt*(Vy_old + Vy_new)

+0.26xdt " 2xVxy_new* (Vx_old + Vx_new))/dy;

Bmin_new(i, j) Theta(i,j)*(1-Theta(i,j));

Bmax_new (i, j) Theta(i,j)*(1+Theta(i,j));
end

end
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erm from the Mass matrix

/64 x(U_old(i,j+2)+ 6+U_old(i,j+1)+U_old(d,])
*U_old(i+1,j)+ 36%U_old(i+1,j+1)+6*%U_old(i+1,j+2)
01d(i+2, j)+6*U_old(i+2,j+1)+U_old(i+2, j+2));

erm from the diffusion matrix x-direction
kappax*xdt/(16*dx2)*( U_old(i,j+2)+ 6*U_old(i,j+1)
0old(i,j)-2*U_old(i+1,j)-12%U_old(i+1,j+1)
U_old(i+1,j+2)+U_old(i+2, j)+6*U_old(i+2,j+1)

01d (i+2,j+2));

erm from the diffusion matrix y-direction
kappa*dt/ (16%dy2)*(U_old (i, j+2)-2%U_old (i, j+1)+U_old(i,j)
6*U_old(i+1,j)-12xU_old(i+1, j+1)+6%U_old(i+1, j+2)
U_o0ld(i+2,j)-2%U_old(i+2,j+1)+U_old(i+2,j+2));

I_mass + Ix_diff + Iy_diff ;

fluxes

,j) = U@i+1,j+1) ( after shifting the indices)

RHS(i,j) + (R*(Amin_old(i+1,j+1)+*Bmin_old(i+1,j+1)
Amin_old(i+1,j)*Bmax_old(i+1,j)+ Amax_old(i,j)*Bmax_old(i,j)
Amax_o0ld (i, j+1)*Bmin_old (i, j+1))+ S*x(3*(Amin_old(i+1,j+1)
Amin_old(i+1,j)- Amax_old(i,j+1)- Amax_old(i,j)
Bmin_old(i+1,j+1)+ Bmin_old(i,j+1)- Bmax_old(i+1,j)
Bmax_o01d(i,j))))*U_old(i+1,j+1);

RHS(i,j) + (- R*Amin_old(i,j+1)*Bmax_old(i,j+1)
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+

Sx(-Amin_old (i, j+1)+ Bmax_old(i, j+1)))*U_old(i,j+2);

RHS(i,j) = RHS(i,j) + (R*(- Amin_old(i,j+1)*Bmin_old(i,j+1)

+

Amin_o01d(i,j)*Bmax_old(i,j)) + S*(3*(-Amin_old(i, j+1)
- Amin_o1ld(i,j))+ Bmin_old(i,j+1)
- Bmax_01d(i,j)))*U_old(i,j+1);

RHS (i, j)

RHS(i,j) + (R*Amin_old(i, j)*Bmin_o0ld(i,j)- S*(Amin_old(i,j)

+

Bmin_o0ld(i,j)))*U_old(i,j);

RHS (i, j)

RHS(i,j) + (R*(-Amin_old(i+1,j)*Bmin_old(i+1,j)

+

Amax_o0ld(i,j)*Bmin_old(i,j))+ S*(Amin_old(i+1,j)

Amax_o01d(i,j) - 3*(Bmin_old(i+1,j)

+

Bmin_01d(i,j))))*U_old(i+1,j);

RHS(i,j) = RHS(i,j)+ (R¥(Amin_old(i+1,j+1)*Bmax_old(i+1,j+1)

Amax_o0ld(i,j+1)*Bmax_o0ld(i,j+1))+ S*(Amin_old(i+1,j+1)

Amax_old(i,j+1)+ 3*(Bmax_old(i+1,j+1)

+

Bmax_o01d(i,j+1))))*U_old(i+1,j+2);

RHS(i,j) = RHS(i,j) + (R*Amax_old(i+1,j+1)*Bmax_old(i+1,j+1)

+

Sx(Amax_old(i+1,j+1)+ Bmax_old(i+1,j+1)))*U_old(i+2,j+2);

RHS (i, j) RHS(i,j) + (R*(Amax_old(i+1,j+1)*Bmin_old(i+1,j+1)

Amax_old(i+1, j)*Bmax_old(i+1,j))+ S*(3*x(Amax_old(i+1,j+1)

+

Amax_old(i+1,j)) + Bmin_old(i+1,j+1)

Bmax_o0ld(i+1,j)))*U_old(i+2,j+1);

RHS(i,j)

RHS(i,j) + (- RxAmax_old(i+1,j)*Bmin_old(i+1,j)

+

S* (Amax_old(i+1,j)- Bmin_old(i+1,j)))*U_old(i+2,3);
adding fluxes from the diffusion term

the x-direction

RHS(i,j) = RHS(i,j) + Rxrky*( -Amin_old(i+1,j+1)- Amin_old(i+1,j)

+ Amax_o0ld(i,j+1)+ Amax_o0ld(i,j))*U_old(i+1,j+1);
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RHS (i, j)

RHS(i,j) + Rxrky*((-Amax_old(i+1,j+1)
- Amax_o01d(i+1,j))*U_old(i+2,j+1)+ (Amin_old(i,j+1)

+ Amin_o01d(i,j))*U_old(i,j+1) - Amin_old(i,j)*U_old(i,]j));

RHS(i,j) = RHS(i,j)+ Rxrky*((Amin_old(i+1,j)

- Amax_o01d(i,j))*U_old(i+1,]j)

+ Amax_o0ld(i+1,j)*U_o0ld(i+2,j)+ (Amin_old(i+1,j+1)
- Amax_o0ld(i, j+1))*U_old(i+1,j+2)

- Amin_o01d(i,j+1)*U_old (i, j+2)

+ Amax_old(i+1, j+1)*U_old(i+2,j+2));

ydirection

RHS (i, j) RHS(i,j) + Rxrkx*(- Bmin_old(i+1,j+1)- Bmin_old(i,j+1)
+ Bmax_old(i+1,j)+ Bmax_old(i,j))*U_old(i+1,j+1);

RHS (i, j)

RHS(i,j) + Rxrkx*((-Bmax_old(i+1,j+1)
- Bmax_o0ld(i,j+1))*U_old(i+1,j+2)+ (Bmin_old(i+1,j)

+ Bmin_01d(i,j))*U_old(i+1,j)- Bmin_o0ld (i, j)*U_old(i,j));

RHS (i, j) RHS(i,j) + Rxrkx*((Bmin_old(i,j+1)
- Bmax_o0ld(i,j))*U_old (i, j+1)
+ Bmax_o01d (i, j+1)*U_old (i, j+2)+(Bmin_old(i+1, j+1)
- Bmax_o0ld(i+1,j))*U_old(i+2,j+1)- Bmin_old(i+1,j)*U_old(i+2,j)
+ Bmax_old(i+1, j+1)*U_old(i+2,j+2));

adding the source term

RHS(i,j) = RHS(i,j) + 0.5*%dt*x(test2DGfn(xbar(i),ybar(j),tl,parmdv,kappa)
+test2DGEn (xbar (i) ,ybar(j),t,parmév,kappa));

end

end



149

=== constructing the global matrix of the flux --———----—------
% the indices i and j are shifted one unit due the ghost points i.e. i =
hoitl, j = j+1.
% the corner points when j =1 and i =1 or i = M
A_flux(1,1) = Rx(Amin_new(2,2)*Bmin_new(2,2))...

+ S*x(3*(Amin_new(2,2) +Bmin_new(2,2))

+ 4x(Amin_new(2,1)+Bmin_new(1,2)));
A_flux(1,2) = RxAmax_new(2,2)*Bmin_new(2,2)

+ S*x(3*Amax_new(2,2)+ 4 *Amax_new(2,1)+ Bmin_new(2,2));
A_flux(M,M-1)= -R*Amin_new(M,2)*Bmin_new(M,2) + S*(-3*Amin_new(M,2)

- 4xAmin_new(M,1) + Bmin_new(M,2));
A_flux(M,M) = Rx(-Amax_new(M,2)*Bmin_new(M,2))+ S*(4*x(- Amax_new(M,1)

+Bmin_new (M+1,2))+3*(-Amax_new(M,2)+Bmin_new(M,2))) ;

B_flux(1,1) = R*¥Amin_new(2,2)*Bmax_new(2,2)+ S*(Amin_new(2,2)
+ 3%Bmax_new(2,2) + 4*Bmax_new(1,2));
B_flux(1,2) = RxAmax_new(2,2)*Bmax_new(2,2) + S*x(Amax_new(2,2)

+ Bmax_new(2,2));
B_flux(M,M-1) = -RxAmin_new(M,2)*Bmax_new(M,2)
+ S*(-Amin_new(M,2)+ Bmax_new(M,2));
B_flux(M,M) = -Rx Amax_new(M,2)*Bmax_new(M,2)
+ S*(-Amax_new(M,2)+ 4*Bmax_new(M+1,2)+3*Bmax_new(M,2));
% interior points for j =1 ( 1< i < M)
for i = 2:M-1

A_flux(i,i) = R*(Amin_new(i+1,2)*Bmin_new(i+1,2)

Amax_new(i,2)*Bmin_new(i,2))

+

Sx (4% (Amin_new(i+1,1)- Amax_new(i,1))+3*(Amin_new(i+1,2)
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- Amax_new(i,2)+ Bmin_new(i+1,2) + Bmin_new(i,2)));
A_flux(i,i-1) = -R*Amin_new(i,2)*Bmin_new(i,2)+ S*(-3*Amin_new(i,?2)
-4*xAmin_new(i,1) + Bmin_new(i,2));
A_flux(i,i+1) = R*Amax_new(i+1,2)*Bmin_new(i+1,2) + S*(3*Amax_new(i+1,2)
+ 4xAmax_new(i+1,1) + Bmin_new(i+1,2));

B_flux(i,i) R* (Amin_new(i+1,2)*Bmax_new(i+1,2)

- Amax_new(i,2)*Bmax_new(i,2))+ S*(Amin_new(i+1,2)
- Amax_new(i,2) + 3*(Bmax_new(i+1,2)+ Bmax_new(i,2)));

B_flux(i,i-1)

-R*xAmin_new(i,2)*Bmax_new(i,2)+ S*x(-Amin_new(i,2)

+

Bmax_new(i,2));

B_flux(i,i+1)

R*Amax_new(i+1,2)*Bmax_new(i+1,2) + S*x(Amax_new(i+1,2)

+

Bmax_new(i+1,2));

end

globalflux(1:M,1:M) = A_flux;

globalflux(1:M,M+1:2«M) = B_flux;

% constructing the interior blocks. We fix the column and construct the

% matrix. So for every column j we have different matrix.

for j = 2:M-1

% constructing the diagonal blocks

% these entries are for i =1

A_flux(1,1) = R*x(Amin_new(2, j+1)*Bmin_new(2,j+1)

-Amin_new(2, j)*Bmax_new(2,j))+S* (3% (Amin_new(2, j+1)
+ Amin_new(2,j)- Bmax_new(2,j)+ Bmin_new(2,j+1))

+ 4x(Bmin_new(1,j+1)- Bmax_new(1,3)));

A_flux(1,2) R*(Amax_new(2, j+1)*Bmin_new(2, j+1)

Amax_new(2,j)*Bmax_new(2,j))+ Sx(3*(Amax_new(2,j+1)

+ Amax_new(2,j))+ Bmin_new(2, j+1)- Bmax_new(2,j));
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% the off diagonal blocks

% upper diagonal blocks

B_flux(1,1) R+ (Amin_new(2, j+1)*Bmax_new (2, j+1))

+ Sx(Amin_new(2, j+1)+3*Bmax_new(2, j+1)

+

4*Bmax_new(1,j+1));

B_flux(1,2)

R*xAmax_new(2, j+1) *Bmax_new(2, j+1)
+ S*(Amax_new(2,j+1) + Bmax_new(2,j+1));

% lower diagonal blocks

C_flux(1,1) = - R*Amin_new(2,j)*Bmin_new(2,j) + S*(Amin_new(2,j)
- 3*Bmin_new(2,j) - 4*Bmin_new(1,j));
C_flux(1,2) = - RxAmax_new(2,j)*Bmin_new(2,j) + S*(Amax_new(2,j)

- Bmin_new(2,j));
for i = 2:M-1 %, interior points 1< j < M ; 1< i < M

A_flux(i,i-1) = R*(-Amin_new(i,j+1)*Bmin_new(i,j+1)

+

Amin_new(i,j)*Bmax_new(i,j))+ S*(3*(-Amin_new(i,j+1)

Amin_new(i,j))+ Bmin_new(i,j+1)- Bmax_new(i,j));

A_flux(i,i)

R*x(Amin_new(i+1, j+1)*Bmin_new(i+1, j+1)

- Amin_new(i+1, j)*Bmax_new(i+1,j)

+ Amax_new(i, j)*Bmax_new(i,j)

- Amax_new(i, j+1)*Bmin_new(i, j+1))+ S*x(3*(Amin_new(i+1,j+1)
+ Amin_new(i+1,j)- Amax_new(i,j+1)- Amax_new(i,j)

+ Bmin_new(i+1,j+1)+ Bmin_new(i, j+1)- Bmax_new(i+1,j)

- Bmax_new(i,j)));

A_flux(i,i+1)

R+ (Amax_new(i+1, j+1)*Bmin_new(i+1,j+1)

Amax_new(i+1,j)*Bmax_new(i+1,j))

+

S* (3% (Amax_new(i+1,j+1)+ Amax_new(i+1,j))

+

Bmin_new(i+1, j+1)- Bmax_new(i+1,j));
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B_flux(i,i-1) - R*Amin_new(i, j+1)*Bmax_new(i, j+1)

+

Sk (-Amin_new(i,j+1) + Bmax_new(i,j+1));

B_flux(i,i) R+ (Amin_new(i+1, j+1)*Bmax_new(i+1,j+1)

Amax_new(i,j+1)*Bmax_new(i,j+1))
+ S*(Amin_new(i+1, j+1)- Amax_new(i, j+1)

+ 3% (Bmax_new(i+1, j+1)+ Bmax_new(i,j+1)));

B_flux(i,i+1) R*Amax_new(i+1, j+1)*Bmax_new(i+1,j+1)
+ S*(Amax_new(i+1,j+1)+ Bmax_new(i+1l,j+1));

C_flux(i,i-1) = R*Amin_new(i,j)*Bmin_new(i,j) - S*( Amin_new(i,j)

+ Bmin_new(i,j));

C_flux(i,i) = R*(-Amin_new(i+1,j)*Bmin_new(i+1,j)
+ Amax_new(i,j)*Bmin_new(i,j))
+ S*(Amin_new(i+1,j)- Amax_new(i,j)- 3*(Bmin_new(i+1,j)
+ Bmin_new(i,j)));
C_flux(i,i+1)= - R*Amax_new(i+1l,j)*Bmin_new(i+1,j) + S*(Amax_new(i+1,j)
- Bmin_new(i+1,3j));
end

% the entries for i = M

A_flux(M,M-1)

R*(-Amin_new(M, j+1)*Bmin_new(M, j+1)

+

Amin_new(M, j) *Bmax_new(M, j))
+ S*(-3x(Amin_new(M, j+1)+ Amin_new(M,j))+ Bmin_new(M, j+1)

- Bmax_new(M,j));

A_flux(M,M) Rx( Amax_new (M, j) *Bmax_new(M, j)
- Amax_new(M, j+1)*Bmin_new (M, j+1))
+ S*x(3*%(- Amax_new(M, j+1)- Amax_new(M, j)+ Bmin_new(M+1, j+1)

+ Bmin_new(M, j+1)- Bmax_new(M+1, j)- Bmax_new(M,j))

+ Bmin_new(M+1, j+1)- Bmax_new(M+1,j));
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B_flux(M,M-1) = - R*Amin_new(M, j+1)*Bmax_new (M, j+1)

+ S*(-Amin_new(M, j+1) + Bmax_new(M, j+1));

B_flux(M,M) = Rx(- Amax_new(M, j+1)*Bmax_new(M, j+1))

+ S*(- Amax_new(M,j+1)

+

Bmax_new(M+1, j+1)+ 3% (Bmax_new (M+1, j+1)
+ Bmax_new(M, j+1)));
C_flux(M,M-1) = R*Amin_new(M, j)*Bmin_new(M,j) - S*(Amin_new(M,j)

+ Bmin_new(M,j));

C_flux(M,M) R*( Amax_new(M, j)*Bmin_new(M, j))
+ Sx(- Amax_new(M,j) - Bmin_new(M+1,j) -3*%(Bmin_new(M+1,j)
+ Bmin_new(M,j)));

% storing in the global matrix

globalflux ((j-1)*M+1:j*M, (j-1)*M+1:j*M) = A_flux;

globalflux ((j-1)*M+1:j*M, (j—1)*M+1+M: j*M+M) = B_flux;

globalflux ((j-1)*M+1:j*M, (j=-1)*M+1-M: j*M-M)

C_flux;
end

% the last column j = M

% for i =1

C_flux(1,1) = - R*¥Amin_new(2,M)*Bmin_new(2,M)+ S*x(Amin_new(2,M)

3*Bmin_new(2,M)-4*Bmin_new(1,M));

C_flux(1,2) - RxAmax_new(2,M)*Bmin_new(2,M)+ S*(Amax_new(2,M)
- Bmin_new(2,M));
A_flux(1,1)= R*( - Amin_new(2,M)*Bmax_new(2,M))
+ S*(3*%(Amin_new(2,M)- Bmax_new(2,M)) + 4*x(Amin_new(2,M+1)
- Bmax_new(1,M)));
A_flux(1,2) = Rx( - Amax_new(2,M)*Bmax_new(2,M))

+ S*(3*Amax_new(2,M)+ 4xAmax_new(2,M+1)- Bmax_new(2,M));
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% interior points for j =M, 1 <i <M
for i = 2: M-1
A_flux(i,i-1) = R*( Amin_new(i,M)*Bmax_new(i,M))

+ S*(-4*Amin_new(i,M+1) - 3*Amin_new(i,M)- Bmax_new(i,M));

A_flux(i,i) R*x(- Amin_new(i+1,M)*Bmax_new(i+1,M)

+

Amax_new(i,M)*Bmax_new(i,M))+S*(3*x(Amin_new(i+1,M+1)

+

Amin_new(i+1,M) - Amax_new(i,M+1) - Amax_new(i,M)
- Bmax_new(i+1,M)- Bmax_new(i,M) )+ Amin_new(i+1,M+1)
- Amax_new(i,M+1));

A_flux(i,i+1)

R* (- Amax_new(i+1,M)*Bmax_new(i+1,M))

+ S*(4*Amax_new(i+1,M+1)+ 3*Amax_new(i+1,M)
- Bmax_new(i+1,M));

C_flux(i,i-1) = R*Amin_new(i,M)*Bmin_new(i,M)- S*(Amin_new(i,M)
+ Bmin_new(i,M));

C_flux(i,i) = R*(-Amin_new(i+1,M)*Bmin_new(i+1,M)
+ Amax_new(i,M)*Bmin_new(i,M))
+ S*x(Amin_new(i+1,M)- Amax_new(i,M) - 3*(Bmin_new(i+1,M)
+ Bmin_new(i,M)));

C_flux(i,i+1) = -R*Amax_new(i+1,M)*Bmin_new(i+1,M) + S*x(Amax_new(i+1,M)

- Bmin_new(i+1,M));
end
% for i = M

A_flux(M,M-1) = R*x(+ Amin_new(M,M)*Bmax_new(M,M))...
+ S*(-3*Amin_new(M,M)- 4*Amin_new(M,M+1)- Bmax_new(M,M));
A_flux(M,M) = Rx( Amax_new(M,M)*Bmax_new(M,M)) + S*(3*%(- Amax_new(M,M+1)
- Amax_new(M,M)- Bmax_new(M+1,M)- Bmax_new(M,M))

- Bmax_new(M+1,M)- Amax_new(M,M+1));
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C_flux(M,M-1) = R*Amin_new(M,M)*Bmin_new(M,M) - S*(Amin_new(M,M)

+ Bmin_new(M,M));

C_flux(M,M) R*x( Amax_new(M,M)*Bmin_new(M,M) )+ S*( - Amax_new(M,M)

Bmin_new(M+1,M)- 3*(Bmin_new(M+1,M)+ Bmin_new(M,M)));
% storing the last two blocks for j = M
globalflux ((M-1)*M+1:M*M, (M-1)*M+1:M*M) = A_flux;

globalflux ((M-1)*M+1:M*M, (M-1)*M+1-M:M*M-M) = C_flux;

%—— Constructing the flux matrices from the diffusion term x-direction--

% for j =1
A_flux(1,1) = - Amin_new(2,2) ; % 1i=1
A_flux(1,2) = - Amax_new(2,2);
B_flux(1,1) = Amin_new(2,2);
B_flux(1,2) = Amax_new(2,2);

for i = 2:M-1

A_flux(i,i-1) Amin_new(i,2);

A_flux(i,i) - Amin_new(i+1,2) + Amax_new(i,2);

A_flux(i,i+1) - Amax_new(i+1,2);

- Amin_new(i,2);

B_flux(i,i-1)

B_flux(i,i) Amin_new(i+1,2)- Amax_new(i,2);

B_flux(i,i+1) Amax_new(i+1,2);

end

A_flux(M,M-1) Amin_new(M,2); % i=M

A_flux(M,M) =  Amax_new(M,2);
B_flux(M,M-1) = - Amin_new(M,2);
B_flux(M,M) = - Amax_new(M,2);

% store the first two blocks
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X_diffflux(1:M,1:M) = A_flux;

X diffflux(1:M,M+1:2%M) = B_flux;

for j = 2:M-1

% the first entries when i = 1, 1< j < M

A_flux(1,1) = -

A_flux(1,2)

B_flux(1,1)

Amin_new(2,j+1)- Amin_new(2,j);

Amax_new(2,j+1) - Amax_new(2,j);

Amin_new(2,j+1); % upper diagonal block

B_flux(1,2) = Amax_new(2,j+1);

C_flux(1,1) = Amin_new(2,j); % lower diagonal block

C_flux(1,2) = Amax_new(2,]j);

for i = 2:M-1

A_flux(i,i-1)= Amin_new(i, j+1)+ Amin_new(i,j);

A_flux(i,i)
+
A_flux(i,i+1)
B_flux(i,i-1)
B_flux(i,i)
B_flux(i,i+1)
C_flux(i,i-1)
C_flux(i,i) =
C_flux(i,i+1)
end
%hi=M and 1< j
A_flux(M,M-1) =
A_flux (M,M) =
B_flux(M,M-1) =

B_flux(M,M) =

= - Amin_new(i+1,j+1)- Amin_new(i+1,j)+ Amax_new(i,j+1)

Amax_new(i,j);

- Amax_new(i+1,j+1) - Amax_new(i+1,j);

- Amin_new(i, j+1);

= Amin_new(i+1,j+1) - Amax_new(i,j+1);

Amax_new(i+1,j+1);

- Amin_new(i,j) ;
Amin_new(i+1,j) - Amax_new(i,j);

= Amax_new(i+1,]j);

<M

Amin_new(M, j+1) + Amin_new(M, j);
Amax_new (M, j+1)+ Amax_new(M,j);
- Amin_new(M, j+1);

- Amax_new(M, j+1);
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C_flux(M,M-1) = - Amin_new(M, j);
C_flux(M,M) = - Amax_new(M,j);

% storing the internal blocks

X_diffflux((j-1)*M+1:j*M, (j-1)*M+1: j*M) = A_flux;
X_diffflux((§=1)*M+1:j#M, (j-1)*M+1+M: j¥M+M) = B_flux;
X_diffflux((§=1)*M+1:j*M, (j-1)*M+1-M: j¥M-M) = C_flux;
end
% the last column : j = M
A_flux(1,1) = - Amin_new(2,M) ; hi=1
A_flux(1,2) = - Amax_new(2,M);
C_flux(1,1) = Amin_new(2,M);
C_flux(1,2) = Amax_new(2,M);

for i = 2:M-1

A_flux(i,i-1) Amin_new(i,M);

A_flux(i,i)

- Amin_new(i+1,M)+ Amax_new(i,M);

A_flux(i,i+1) - Amax_new(i+1,M);

C_flux(i,i-1) - Amin_new(i,M);

C_flux(i,i)

Amin_new(i+1,M)- Amax_new(i,M);

C_flux(i,i+1) Amax_new(i+1,M);

end

A_flux(M,M-1) Amin_new(M,M) ; % 1i=M

A_flux(M,M) Amax_new(M,M) ;

C_flux(M,M-1) - Amin_new(M,M) ;
C_flux(M,M) = - Amax_new(M,M);
X_diffflux((M-1)*M +1: M*M, (M-1)*M+1:M+*M) = A_flux;

X_diffflux((M-1)*M +1: MxM, (M-1)*M+1-M:M*M-M) = C_flux;
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fm——————= constructing the diffusion flux matrix y direction ---------—---

% the first column j = 1

A_flux(1,1) = - Bmin_new(2,2); %i=1
A_flux(1,2) = Bmin_new(2,2);
B_flux(1,1) = - Bmax_new(2,2);
B_flux(1,2) = Bmax_new(2,2);

for i = 2:M-1

A_flux(i,i-1) = Bmin_new(i,2);

A_flux(i,i) = -Bmin_new(i+1,2) - Bmin_new(i,2);
A_flux(i,i+1) = Bmin_new(i+1,2);

B_flux(i,i-1) = Bmax_new(i,2);

B_flux(i,i) = - Bmax_new(i+1,2) - Bmax_new(i,2);

B_flux(i,i+1) = Bmax_new(i+1,2);

end
A_flux(M,M-1) = Bmin_new(M,2); % i=M
A flux(M,M) = - A_flux(M,M-1);

B_flux(M,M-1) = Bmax_new(M,2);

B_flux(M,M) = - Bmax_new(M,2);
% storing the blocks
Y_diffflux(1:M,1:M) = A_flux;
Y _diffflux(1:M,M+1:2%M) = B_flux;
% internal blocks 1 < j< M

for j = 2:M-1

A_flux(1,1) = - Bmin_new(2, j+1)+ Bmax_new(2,j); % 1i=1
A_flux(1,2) = Bmin_new(2,j+1) - Bmax_new(2,j);

B_flux(1,1) = - Bmax_new(2, j+1);

B_flux(1,2) =  Bmax_new(2,j+1);
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C_flux(1,1)

C_flux(1,2)

for i 2:M-1
A_flux(i,i-1)

A_flux(i,i)

A_flux(i,i+1)
B_flux(i,i-1)
B_flux(i,i)
B_flux(i,i+1)
C_flux(i,i-1)
C_flux(i,i)
C_flux(i,i+1)
end
A_flux(M,M-1)
A_flux(M,M)
B_flux(M,M-1)
B_flux(M,M)
C_flux(M,M-1)

C_flux(M,M)

Bmin_new(2,j);

Bmin_new(2,j);
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Bmin_new(i,j+1)- Bmax_new(i,j);

- Bmin_new(i+1,j+1)- Bmin_new(i,j+1)

Bmax_new(i+1,j)+ Bmax_new(i,j);

Bmin_new(i+1,j+1)- Bmax_new(i+1,j);

Bmax_new (i, j+1);

- Bmax_new(i+1, j+1)- Bmax_new(i,j+1);

Bmax_new(i+1,j+1);

Bmin_new(i,j);

Bmin_new(i+1,j) + Bmin_new(i,j);

Bmin_new(i+1,j);

Bmin_new(M, j+1) - Bmax_new(M,j);

hi=M

Bmin_new(M, j+1)+ Bmax_new(M, j);

Bmax_new (M, j+1);

Bmax_new (M, j+1);

Bmin_new(M, j);

Bmin_new(M, j);

storing the blocks in the global matrix

Y_diffflux((G-1)*M+1:3*M, (G=1) *M+1: M)

Y_diffflux((j-1)*M+1:*M, (j-1)*M+1+M: j*M+M)

A_flux;

B_flux;

Y_diffflux((j=1)*M+1:j*M, (j-1)*M+1-M: j*M-M)= C_flux;

end

% the last column j = M ( the last two blocks )

A_flux(1,1) =

Bmax_new(2,M);

hi=1
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A_flux(1,2) = - Bmax_new(2,M) ;

C_flux(1,1)

Bmin_new(2,M);

C_flux(1,2) - Bmin_new(2,M);

for i = 2:M-1

A_flux(i,i-1) - Bmax_new(i,M);

A_flux(i,i) + Bmax_new(i+1,M) + Bmax_new(i,M);

A_flux(i,i+1) - Bmax_new(i+1,M);

C_flux(i,i-1)

- Bmin_new(i,M);

C_flux(i,i) Bmin_new(i+1,M) + Bmin_new(i,M);

C_flux(i,i+1) - Bmin_new(i+1,M);

end

A_flux(M,M-1) - Bmax_new(M,M); %hi=M

A_flux(M,M)

Bmax_new(M,M) ;

C_flux(M,M-1) - Bmin_new(M,M);

C_flux(M,M)

Bmin_new(M,M) ;
% storing the blocks
Y_diffflux((M-1)*M+1:M*xM, (M-1)*M+1:MxM)= A_flux;
Y_diffflux((M-1)*M+1:M+M, (M-2)*M+1: (M-1)*M)= C_flux;
% The global matrix of the system
A_global = 1/64*Mass + globalflux - 0.5%R * (rkx*XDiff + rky* YDiff)...
-R *(rkx*Y_diffflux + rky*X_diffflux);
% convert the right hand side to long vector
for L = 1:M
Rb(1+(L-1)*M:L*M) = RHS(:,L);
end
A_global = sparse ( A_global); 7 store sparse matrix

% solving the system
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Usol_1 = A_global\Rb;

Usol = zeros(M,M);
% Usol = (vec2mat(Usol_1,M))’; % convert vector to matrix
for L = 1:M

Usol(:,L) = Usol_1(1+ (L-1)*M: LxM);
end
% U_new = U_old;

U_o0ld(2:M+1,2:M+1) = Usol;

t = t1;

end

v_exact = ExactV(parmév,xbar,ybar,t,M); % exact solution of v
U_exact = exp(v_exact); % exact solution of U

v_err(k+1) = norm(abs(v - v_exact),’fro’)/M; % error
V_rate = v_err(k)/v_err(k+1); % rate of convergence

U_error(k+1) = norm(abs(U_exact - Usol),’fro’)/M;
U_rate = U_error(k)/U_error(k+1);

disp(sprintf(’ %1d %5d %4d %4.2e %5.2¢ ¥%5.2e¢ %5.2e’,k,N,M,v_err(k+1),
V_rate,U_error(k+1), U_rate))

end

figure

mesh (xbar,ybar,v_exact)

xlabel (’x-axis’); ylabel(’y-axis’)

title(’exact solution of V’)

figure

mesh (xbar,ybar,v) ;% z1lim([0,2.1])

xlabel (’x-axis’); ylabel(’y-axis’)

title(’approximate solution of V’)
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figure

mesh (xbar, ybar,U_exact)

xlabel (’x-axis’) ; ylabel(’y-axis’)
title ( ’ Exact soluion for U’)
figure

mesh (xbar, ybar, Usol)
xlabel(’x-axis’); ylabel(’y-axix’)

title(’ approximate solution of U ’)

(test2DFfen)

% This function defines the source term f(x,y,t) in the

% model system equation for v(x,y,t) with known solutions

function f = test2DFfcn(x,y,t,parmdF)

lambda = parm4F(1); sigma = parmdF(2); n = parm4F(3); m = parm4F(4);
fO0 = parm4F(5); fn = parm4F(6);

f = fO + fn*xcos(n*pi*x)*cos(m*pix*y);

(test2DGin)

% This function returns the source term g(x,y,t,u,v) in the u equation
function G = test2DGfn(x,y,t,parm4V,kappa)
lambda = parm4V(1); sigma = parm4V(2); n = parméV(3); m = parméV(4);

f0

parm4V(5) ; fn = parmdV(6);

a0

lambda;

an= sigma*(n*n + m*m)*pi*pi+lambda;

v = (£0/a0)*(1 - exp(-a0*t));

v = v + (fn/an)*(1 - exp(-an*t))*cos(n*pi*x)*cos (m*pix*y) ;

v_t = fOxexp(-lambdaxt)+ fn¥exp(-anxt)*cos(n*pi*x)*cos(m*pix*y) ;
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v_x = -fn/an * (n*pi)* (l-exp(-an*t))*sin(n*pi*x)*cos(mxpix*y);

<
i
»

I

-fn/an * (n*pi) 2 *(l-exp(-an*t))*cos(n*pi*x)*cos(m*pix*y);
v_y = -fn/an * (m*pi) *(l-exp(-an*t))*cos(n*pi*x)*sin(m*pix*y);

-fn/an * (m*pi)~2 *(l-exp(-an*t))*cos(n*pi*x)*cos(m*pix*y);

|<1
<
<

Il

G = exp(W)*(v_t + (l-kappa)*(v_x"2 + v_y~2 + v_xx + V_yy));

(ExactV)

% This function returns the exact solution of v
function [V] = ExactV(parm4V,x,y,t,M)
lambda = parm4V(1); sigma = parm4V(2); n = parmd4V(3); m = parmdV(4);

f0

parméV(5); fn = parmdV(6);

a0

lambda;

an= sigma*(n*n + m*m)*pi*pi+lambda;

vl = (£0/20)*(1 - exp(-a0*t));

V = zeros(M,M);

% Exact solution

for i =1:M

for j =1:M

V(i,j) = vl + (fn/an)*(1 - exp(-anxt))*cos(nxpi*x(i))*cos(m*pi*y(j));
end

end
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